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ON A CLASS OF ONE-SIDED MARKOV SHIFTS 

BEN-ZION RUBSHTEIN 

^^ , Abstract. We study one-sided Markov shifts, corresponding to positively recurrent Markov 

^—^ ' chains with countable (finite or infinite) state spaces. The following classification problem 

is considered; when two one-sided Markov shifts are isomorphic up to a measure preserving 

C ' isomorphism ? In this paper we solve the problem for the class of p-uniform (or finitely 

^ I p-BernouUi) one-sided Markov shifts considered in IRugj . 

We show that every ergodic p-uniform Markov shift T can be represented in a canonical 
form T — Tq by means of a canonical (uniquely determined by T) stochastic graph G. In 
the canonical form, two such shifts Tq-^ and Tq^ are isomorphic if and only if their canonical 
C/^ ' stochastic graphs C?i and G2 are isomorphic. 

Q' 

1. Introduction 

^ I In this paper we consider the classification problem for one-sided Markov shifts with 

^ ■ respect to measure preserving isomorphism. Let G be a finite or countable stochastic graph, 

(^ . i.e. a directed graph, whose edges g E G are equipped with positive weights p{g). The weights 

^ '. vid) determine transition probabilities of a Markov chain on the discrete state space G. The 

corresponding one-sided Markov shift Tq acts on the space (Xg,wig), where Xq = G^ and 
O ' TTT-G is a stationary (probability) Markov measure on Xq. We deal only with irreducible 

positively recurrent Markov chains, so that such a Markov measure exists and the shift Tq is 
an ergodic endomorphism of the Lebesgue space {Xq, mo). The problem under consideration 
is : When for given two stochastic graphs Gi and G2, does there exist an isomorphism 
$ : Xci — ^ Xg2 such that mca = "'^d ° ^~^ and $ o Tq^ = Tgj o $ • 

It is obvious, that any (weight preserving) graph isomorphism (p : Gi ^ G2 generates 
r> I such an isomorphism $ = <I><^, but nonisomorphic graphs can generate the same shift Tq- 



Recently J. Ashley, B. Marcus and S. Tuncel |AsMal'iI] solved the classification problem 
for one-sided Markov shifts corresponding to finite Markov chains. They used an approach 
which is based on the following important fact: Two one-sided Markov shifts T^ and T^j 
(on finite state spaces) are isomorphic iff there exists a common extension G of Gi and G2 
by right resolving graph homomorphisms of degree 1. The result was proved implicitly in 
|BoTuj , where regular isomorphisms and right closing maps for two-sided Markov shifts were 
studied (See also |Asj . [KiMaTrj . [TV] . [Kij and references cited there) 

It should be noted that the classification problem for two-sided shifts is quite different 
from the one-sided case. Namely, any mixing two-sided Markov shift is isomorphic to the 
Bernoulli shift with the same entropy jFrOrj and two-sided Bernoulli shifts are isomorphic 
iff they have the same entropy by the Sinai-Ornstein theorem jHij- IOrj . 

On the other hand, let Tp be the one-sided Bernoulli shift with a discrete state space 
{I,p), where J is a finite or countable set, 1 < |/| < 00, and p = {pi}i^i, YliiPi — 1; 



pi 



ITLr. 



Pi > 0. The endomorphism Tp acts as the one-sided shift on the product space (X^ 
Y['^=ii^yP)- Consider the measurable partition T~^e = {T~^x , x G Xp} generated by Tp 
on Xp. The partition admits an independent complement 6, which is not unique in general. 
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but necessarily has the distribution p. This imphes that one-sided Bernoulh shifts Tp^ and 
Tp2 are isomorphic iff the distributions pi and p2 coincide. 

This simple observation motivates the following definition. An endomorphism T of a 
Lebesgue space {X,m) is called p-uniform (or finitely p-Bernoulli according to IRugl ) if 
the measurable partition T~^e = {T~^x , x G X} admits an independent complement S 
with distr 6 = p. We denote by lA8{p) the class of all p-uniform endomorphisms. 

Recall that the cofiltration ^(T) generated by an endomorphism T is the decreasing 
sequence {^n}'^=i of the measurable partitions ^„ = T~^e of the space X onto inverse images 
T~"'x. If two endomorphisms Ti and T2 are isomorphic, i.e. there exists an isomorphism 
$ such that $ o Ti = T2 o $ , then <^{T{''x) = T^"i<^x) for almost all x e X, i.e. 
^{T^"'e) = T2^e for all n. This means that the cofiltrations ^(Ti) and ^{T2) are isomorphic. 

If T e l/{S{p), the cofiltration ^(T) is not necessarily isomorphic to the standard 
cofiltration C{Tp), generated by the Bernoulli shift Tp. However, it is finitely isomorphic 
to C{Tp), i.e. for every n G N there exists an isomorphism $„ such that ^^(T^^e) = T~^e 
for all 1 < fc < n. 

The isomorphism problem for p-uniform endomorphisms is decomposed into the fol- 
lowing two parts: When are the cofiltrations ^(Ti) and C,{T2) isomorphic? When are Ti and 
T2 isomorphic provided that ^{Ti) = (^(T2)? 

In particular, for given T G US{p): When is the cofiltration C,{T) standard, i.e. iso- 
morphic to ^(Tp) ? When are Ti and T2 isomorphic provided that C,(Ti) = C,(T2) ? 

All these problems are quite nontrivial even in the dyadic case p = (|, |). Various 
classes of decreasing sequences of measurable partitions were considered by A.M. Vershik 
^-|^, V.G. Vinokurov JYl], A.M. Stepin 

jBi] and by author |Rui| , IRU2I , IRU4I - [Ruel . A new remarkable progress in the theory 
is due to J. Feldman, D.J. Rudolph, D. Heicklen and Ch. Hoffman (See |FeRj . jHeHoj . 
[HeHoRj ■ |Hoj . |HoRj ) . Note also that, as it was shown in RurI Corollary 4.4], a p-uniform 



one-sided Markov shift Tq is isomorphic to the Bernoulli shift Tp iff the cofiltration ^{Tq) is 
isomorphic to standard cofiltration ^(Tp). 

The purpose of this paper is to classify the p-uniform one-sided Markov shifts. We 
show that every ergodic p-uniform Markov shift T can be represented in a canonical form 
T = Tc by means of a canonical (uniquely determined by T) stochastic graph G. In the 
canonical form, two such shifts T^ and T^g ^^^ isomorphic if and only if their canonical 
stochastic graphs Gi and G2 are isomorphic. 

First we consider (Section ^ general p-uniform endomorphisms and use the following 
results from [Rugl . Any ergodic T G U£{p) can be represented as a skew product over Tp on 
the space Xp x 1^, d G N U {cx)}, where Y^ consists of d atoms of equal measure ^ for d < cxd 
and Foo is a Lebesgue space with no atoms, (see Section EIH below). According to IRuol we 
introduce the minimal index d{T) of T G U£{p) as the minimal possible d in the above 
skew product representation of T. The index d{T) is an invariant of the endomorphism T 
and d{T) = 1 iff T is isomorphic to the Bernoulli shift Tp. 

Other important invariants of T G U£{p) (introduced also in Ruel ) are the partitions 



7(T), /3(T) and the index d-y:/3(T). The partition 7(T) is the smallest (i.e. having the most 
coarse elements) measurable partition of X such that almost all elements of the partition 
(3n '■= 7(7") V T~"e have homogeneous conditional measures for all n. The corresponding 
tail partition is defined by /3(T) = /\^^^[3n > l(T) . and the index d^.piT) is the number 
of elements of (3{T) in typical elements of the partition 7(T) (Proposition! 



It was proved in [Ruel that d{T) = dj:f3{T) < 00 for any p-uniform one-sided Markov 
shift T = Tg- This result implies, in particular, that Tq is simple in the sence of Definition 
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12.71 The classification of general simple p-uniform endomorphisms is reduced to a description 
of equivalent d-extensions of the Bernoulli shift Tp f Theorem 12. 10|) . 

Next we turn to p-uniform one-sided Markov shifts. 

It is easy to see that a Markov shift Tq is p-uniform iff the graph G satisfies the 
following condition: For any vertex u the set Gu of all edges starting in u, equipped with the 
corresponding weights p{g) , g G Gu , is isomorphic to (J, p). This means that the transition 
probabilities of the Markov chain (starting from any fixed state) coincide with p{i) , i & I , 
up to a permutation. We call these graphs and Markov chains p-uniform. In particular, 
(J, p) itself is considered as a p-uniform graph having a single vertex. The corresponding 
Markov shift is the Bernoulli shift Tp. 

Following jAsMaTii] we use in the sequel graph homomorphisms of the form cf) : Gi ^ 
6*2 , which are assumed to be weight preserving and deterministic, i.e. right resolving 



in the terminology of [AsMaTiij . (see Definition 13.31 for details). Thus a stochastic graph G 



is p-uniform iff there exists a homomorphisms (f) : G ^ I . 

Two particular kinds of homomorphisms are of special interest in our explanation, they 
are homomorphisms of degree 1 and d-extensions. A homomorphism (p : Gi ^ G2 has 
degree 1, d{(f)) = 1 , if the corresponding factor map $0 : X^ — > Xg2 is an isomorphism. 
So that <l>^ o Tgi = Tg2 o ^(f, , i-e. Tq-^ and Tq^ are isomorphic. 

The d-extensions homomorphism are defined in Section 1X21 by the condition: l^"^*?] = 
d , g E G . They can be described (up to equivalence) by the graph skew products, (see 
Example 13.71 and Definition 13.81 in Section IH!^ . 

As the first step to the construction of the canonical graph we show (Theorem I3.24J) 
that any homomorphism (p : G ^ I can be extended to a (i-extension by homomorphisms 
of degree 1 (See Diagram 13. 39|) . To this end we consider a d-contractive semigroup 5(0), 
associated with the homomorphism 0, and the corresponding persistent sets (Section] 
Thus we reduce the classification problem to the study of diagrams of the form 

(1.1) {7T,^P) : H^^H^^I 



where H is a d-extension, ip is a degree 1 homomorphism and the shift Tjj is isomorphic to 
the shift Tq. 

The second step is to minimize d in the above Diagram ll.il We show (Theorem 13. 25j) 
that, passing possibally to a " n-stringing" graph G*-"-*, one can choose the minimal d = d{T). 
Note that the result is based on Rugl Theorem 4.2 and 4.3]. 



The third final step is to reduce the homomorphism ip in Diagram 11.11 as much as 
possible. Let £xt'^{I,p) denotes the set of all d-extensions of the Bernoulli graph (/,p) of 
the form p.lj) . We show that Ext {I,p) can be equipped with a natural partial order 
"^" and equivalence relation "~" f Definition 14. lUj) . The minimal elements oi £xt {I,p) 
with respect to the order are called irreducible (Definition 14.111) . We describe these irre- 
ducible (tt, ?/')-extensions by means of the persistent d-partitions, associated with elements 
of ^xt'^ (/, p) (Theorem Kl^ . 

Now we can formulate the main result of the paper f Theorems 15. II and I5.3|) . 

• Let Tg he a p-uniform ergodic one-sided Markov shift. A stochastic graph H = H{G) 
is said to be a canonical graph for the shift T if there exists an irreducible (tt,^)- 
extension / li.ij) from £xt'^{I,p) with d = d{T) such that the shift T^ is isomorphic 

to Tq. 

• Any p-uniform ergodic one-sided Markov shift can be represented in the canonical 
form T = Tg by a canonic graph H = H{G). 
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• In this canonical form, two shifts Tg, and T^^ are isomorphic iff the canonical graphs 
Hi and Hi are isomorphic, and iff the corresponding irreducible [it, ip)- extensions are 
equivalent. 

The paper is organized as follows. 

In Section 121 we study general p-uniform endomorphisms (class lA£{p)) and simple 
p- uniform endomorphisms (subclass SU£{p)). Following IRugl , we introduce the partitions 
7(T), /3(T) and the index d-y:/3(T). Two main conclusions of the section are Theorem 12 .101 
(classification of simple p-uniform endomorphisms) and Theorem 12.141 which states that 
every ergodic p-uniform one-sided Markov shift Tq is simple and diTc) = d^:j3{TG) < C)0 . 

In Section El we consider general properties of stochastic graphs and their homomor- 
phisms. In particular, we define p-uniform graphs corresponding to p-uniform Markov 
shifts. We prove that the index ^(Tg) of any ergodic p-uniform Markov shift Tq is finite 
(Theorem 13. 18|) . This follows from the finiteness of the degree d{(f)) of any homomorphism 
(j) : G —>■ I from any p-uniform graph G onto the standard Bernoulli graph (J, p). The degree 
d{(j)), in turn, can be computed by means a special d-contractive semigroup S{(j)), induced 
by f Theorem 13. 2 1|) . 

Section |3 contains some essential stages of the proof of Main Theorems 15.11 and 15.31 
Homomorphisms of degree 1 and extensions of the Bernoulli graph are considered in Sections 
I4.1l and f4.2l Theorem l4.5l f Section l4.3( ) reduces the classification of skew product over Markov 
shifts Th to the classification of the corresponding graph skew product over H. In Sections 
14.41 and H7^ we study the set £xt'^{I, p) of all (vr, '?/^)-pairs of the form (jl.l|) . The main result 
of Section 01 is Theorem 14.121 which claims the existence and uniqueness of the irreducible 
{it , ijj) -pair (vr*,-?/^*), majorized by a given {ir^ip) G £xt'^{I,p). 

In Section |31 we prove Main Theorems 15.11 and 15.31 and give some consequences and 
examples. As a consequence we prove also (Theorem 15. 4|) that two shifts T^ and T^a are 
isomorphic iff the graphs Gi and G2 have a common extension of degree 1. 

We do not study here the classification problem for general, not necessarily p-uniform, 
one-sided Markov shifts as well as the classification problem of the cofiltrations, generated 
by the shifts. Our approach seems to be a good tool to this end and we hope to deal with 
these two problems in another paper. 

We do not also consider the classification problem of one-sided Markov shifts with 
infinite invariant measure, in particular, of null-recurrent one-sided Markov shifts. One can 
find a good introduction to the topic and more references in |Aart Chapters 4 and 5]. 



2. Class of p-uniform endomorphisms 

2.1. Lebesgue spaces and their measurable partitions. We use terminology and results 
of the Rokhlin's theory of Lebesgue spaces and their measurable partitions (See |Roki 



|Rok2| ). An improved and more detailed explanation can be found in |ViRuFej . We fix the 
terms "homomorphism , isomorphism, endomorphism" only for measure preserving maps 
of Lebesgue spaces. 

Let {X, !F, m) be a Lebesgue space with mX = 1. The space X is called homogeneous 
if it is non-atomic or if it consists of d points of measure ^ , d eN . 

Let C be a partition of X onto mutually disjoint sets G E (. The element of ( containing 
a point X is denoted by C^(x). The partition ( is measurable iff there exists a measurable 
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function / : X ^ M such that 

X r-uy ^=z^ Q(a;) = Cc_{y) ^^ fix) = f{y) , x,y E X 

Elements of ( are considered as Lebesgue spaces (C, JF*^, m*") , C E ( , with canonical 
system of conditional measures m'-' , C E ( . We shall denote also by m{A\C) the 
conditional measures m'^'{A fl C) of a measurable set A E J-' in the element C of (. 

Two measurable partitions (i and (2 are said to be independent {(i ± (2) if the 
corresponding cr-algebras JF(Ci) and ^(C2) are independent , where J-'{C) denotes the m- 
completion of the a-algebra of all measurable (^-sets. We shall write also Ci -L C2 (mod () 
if the partitions Ci and (2 are conditionally independent with respect to the third mea- 
surable partition (. This means that 

m{A n B I Q(x)) = m(A|Q(x)) ■ m{B \ Q(x)) 

for all A E J?^(Ci), B E ^^{(2) and a.a. x E X. 

We denote by e = 5x the partition of X onto separate points and hj u = Ux the trivial 
partition of X. 

An independent complement of 5 is a measurable partition 77 such that C -L ^ 
and (y 1] = e . The partition ( admits an independent complement iff almost all elements 
(C, m^) of C are mutually isomorphic. The collection of all independent complements of ( 
is denoted by IC{C.). 

We shall use induced endomorphisms, which are defined as follows. Let A E J-' , 
mA > and T be an endomorphism of {X,m). Then the return function 

(2.2) ipA{x) := min{n > 1 : T"a; E A} , x E A 

is finite a.e. on A. The induced endomorphism T4 on A is defined now by Tax = 
rpipA{x)^ . It is an endomorphism of (A, JF fi A, ml^) and it is ergodic if T is ergodic . 
\E\ denotes the cardinality of the set E 



2.2. Classes UE{p) and index d(T). Let (/,p) be a finite or countable state space 

p = {p{i) ,tEl}, p{i) > , 5^p(^) = 1. 

Definition 2.1. An endomorphism T of a Lebesgue space {X,m) is said to be p-unform 
or finitely p-Bernoulli endomorphism (T E U£{p) , if there exists a discrete measurable 
partition 5 of X, which satisfies the following condition: 

(i) distr 6 = p , i.e. S = {i?(i)}jg/ with m{B(i)) = p{i), i E I, 
(ii) S E IC{T-h) , i.e. 6 ± T-^ and 6 V T-^e = e. 

So US{p) denotes the class of all p-unform endomorphisms. Denote by Ap(T) the set 
of all partitions 6 satisfying the condition (i) and (n). Then T E U£{p) means Ap(T) ^ 0. 
For T G W^(p) and 5 E Ap(T) define 

(2.3) 5^") = T-"+^5 , (5(") = {T-''+^B{i)},^i , n G N 

Then distr 6n = p and the partitions (5i , ^2 , ^3 , . . . are independent. 
The partitions 

n 00 

(2.4) 5(") = V ^'^ ' ^^"^ = V '^'^ 

fc=i fc=i 
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satisfy for all n the conditions 

^{n) ^ iciT-'^e) , (5(°°) ± T-"e (mod 5^°°^ A T-"e) 
and 

In particular, let T = Tp be a Bernoulli endomorphism, which acts on the space 

oo 
n=l 

as the one-sided shift 

We can set 

(2.5) 5p = {Bp{^},^j , Sp(z) = {x = {x„}^=, e Xp : x^ = i} . 
Then 5p G Ap(Tp) and (5p is an one-sided Bernoulli generator of Tp, that is 

oo 

5(00) ^ Y 3.-„,+i^^ ^ ^^^ _ 

n.=l 

In general case, for T G US{p) and 5 G Ap(T), the partition 5^^'^ does not equal e, but 
we can define the canonical factor map 

<^s-X3x^ $5(x) = {i„(x)}^=i G Xp , 

where in{,x) G / is uniquely defined by the inclusion T"x G i?(i„(x)) G 5. 

The homomorphism $5 satisfies $5 o T = Tp o $5 and it determines the following 
representation of T by a skew product over Tp (See IRusl Proposition 2.2]). 

Proposition 2.2. Lei T G U£{p) he an endomorphism of (X, m) and 5 G Ap(r). T/ien 

(i) There exists an independent complement a of the partition 5^^' . 

(ii) The pair {5^^\(j) induces decomposition of the space (X, m) into the direct product 
(Xp X Y , mx X niy) such that the factor map $5 coincides under the decomposition 
with the canonical projection 

-K : Xp X F 9 (x, y) ^ a; G Xp 

and 

5 = n-^6p , (5^°°) = n-^ex, = £Xp x z/y , a = Ux^ x ey 
(iii) The endomorphism T is identified with the following skew product over Tp 

(2.6) f{x,y) = {TpX,A{x)y) , {x,y)eXpXY 

where {A{x),x G Xp} is a measurable family of automorphisms ofY. 
iv) IfT is ergodic, Y is a homogeneous Lebesgue space. 

Every homogeneous Lebesgue space Y is isomorphic to y^.c/GNUJoo}, where Yoo 
is the Lebesgue space with a continuous measure and 1^ , rf G N , consists of d points of 
measure ^. Thus for any ergodic T endomorphism T G U£{p) and 5 G ^p{T) there exists 
d = d{T, 6) eNU {00} such that 



%(oo)(a;) := m^s('^)'^='\{x}) = - 



for a. a. x G X. 
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Definition 2.3. (i) The number d{T,6) will be called the index of T G U£{p) with 

respect to 5 G ^p{T) . 
(ii) The minimal index d{T) of T is defined as 

(2.7) d{T) = min { d{T,6) , 6 G Ap{T)} 

Note that an ergodic endomorphism T is isomorphic to the Bernoulli shift Tp iff T G 
US{p), and d(T) = 1, that is, there exists S G Ap(T) such that d(T,6) = 1, i.e. 6^°°^ = e. 

2.3. Partitions a(T), (3{T), 7(T) and indices d«(T), d^:^(T). Let T be an endo- 
morphism of (X, m) and let {^n\^=i be the decreasing sequence of measurable partitions 
^n '■= T~'^e , generated by T. The element of ^„ , containing a point x G X, has the form 
Q„(x)=T-"(T"x), 

In order to introduce the partitions 7(T) and /5(T), consider the measurable functions 

where ^o •= ^- With these u„ : X — > [0, 1] we can consider the measurable partitions 

n 

ln=\J Mfc ^^[0,1] , ri G N , 
fc=l 

generated by Uk , k < n , and also 

oo oo 

(2.8) 7= V^" ' /5n = 7VT-"£ , P= /\Pn 

n=l n=l 

We shall write 'jniT) , 7(T) , PniT) , /5(T) to indicate T, if it will be necessary. 

Proposition 2.4. Suppose that T G U£{p) and T is ergodic. Then there exists d eNU {c)o} 
such that 

m^-(^-)(C^(x)) = i 

for a. a. s G X. 

We may define now the index d^;f3{T) of an ergodic endomorphism T G U£{p) as the 
number d constructed in Proposition 12. 4[ i.e. 

d,..p{T) := {m^-^^\Cp{x)))-' 

for a.e. x G X. 

We shall use the following properties of the partitions ()2.8p 

Proposition 2.5. Suppose that T G US{p) , let S E Ap(T) and the partitions 5n , f^*-"^ , 5*-°°'' 
defined by \2.^) and (|^.^| ). T/ien 

(i) 7^"^ < ^n , /5n ^ (^^^^ (mod 7„) , n G M . 
(ii) 7 < (5(°°) , /5 ± 5(~) (mod 7) . 
(iii) d^..p{T) < d{T) 

We shall also use the tail measurable partition a(T) := f\^^^T~'"'e . An endomor- 
phism T is called exact if a{T) = v. The tail index da{T) (which is, in fact, the period of 
T) is defined as follows: da(T) = cxd if X/ ^{t) is a continuous Lebesgue space and d^iT) = d 
if X/a{(T) consists of d atoms of measure ^. So that da(T) G N U {00}. 

It is easily to see, that 

(2.9) T-^a = a , a V 7 < /? , T~S < 7 , T'^P < P 
and a ± (5(°°) for any 6 G Ap(T). 
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Turning to the canonical projection $^ we have 

Proposition 2.6. (i) a{Tp) = v , /3(Tp) = 7(Tp) . 

(ii) 7n(T) = ^fin{T,) , 7(T) = $7S(rp) . 

The stated above propositions were proved in [Ruej Propositions 2.5 - 2.9]. 



2.4. Simple p-uniform endomorphisms. We use now the partitions 7(T) and (3{T) to 
introduce an important subclass of the class U£{p) 

Definition 2.7. An endomorphism T G hl£{p) of a Lebesgue space (X, m) is said to be 
a simple p-uniform endomorphism (T G SV(S{p)), if there exists partition 5 G Ap(T) = 
IC{T-^e) such that 

(2.10) 5(°°W/5(T) = e 

We denote by SU£{p) the class of all simple p-uniform endomorphisms. 
The Bernoulli endomorphism (one-sided Bernoulli shift) T = Tp belongs to SUS{p). In 
this case there exists a partition 5 = 5p E Ap(T) such that 5^°°^ = e and hence l3{T)y5^'' = e 

Remark 2.8. It is easily to show that the condition ()2.10|) holds iff there exists an indepen- 
dent complement a G IC{5^^^) of 5^°°^ that satisfies 

(2.11) aV7(r)=/?(T) , aeIC{6^^^) , 5 e ^p{T) = IC{T-h) 

Proposition 2.9. Suppose T G U£{p) is ergodic and d{T) < oo . Then T is simple iff 
d{T) = d,,p{T) . 

Proof. Since d{T) < oo we have, by Proposition 12.51 (iii). that d^.p{T) < d{T) < oo . 
Definition of the index d-y-piT) (Proposition 12. 4j) means that m'-^^^^\Cf3{x)) = d^^ for a.a. 
X G X and d = d^:f3{T) G N . Almost every element of 7(T) consists precisely of d elements 
of the partition (3{T). On the other hand there exists 5 G Ap(T) such that almost every 
element of the corresponding partition 5*^°°^ consists precisely of d{T) points, d < d{T). By 
Proposition 12.51 (ii) we have 

/3(T) ± 5^^^ (mod 7(T)) , /3(T) A <5(°°) = 7(T) . 

Whence, the condition imH holds iff d{T) = d. D 

Let T G SU£{p) . By Proposition 12.21 anv choice of the partition a in the equahty 
()2.11|1 determines a skew product representation ()2.(ij) of T = T over Tp. Herewith, all 
statements of Proposition 12.21 hold and we have also by (J2.1H) and Proposition 12. 6|) 

(2.12) (3{Tp) = ^{Tp) , 7(T) = 7(Tp) x uy , /3(T) = i{Tp) x sy 

These arguments imply the following 

Theorem 2.10. Let T be a p-uniform simple endomorphism, T G SU£{p) . 
(i) T can he represented in the skew product form \2. 6)) T = T over Tp 

(2.13) f{x,y) = iTpX,Aix)y) , {x,y)eXpXY 

with a measurable family {A{x) , x G Xp} of automorphisms of Y such that 
P{f) = 7(T,) X ey . 
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(ii) Two such skew product endomorphisms T^, k = 1,2, 

(2.14) n{x,y) = iT,x,Ak{x)y) , {x,y)eX,xY 

are isomorphic ijf the corresponding families Ai{x) and ^2(0;) are cohomologous, 
i.e. 

(2.15) A2{x)W{x) = W{Tpx)Ai{x) , x e Xp 

for a measurable family of {W{x) , x G Xp} of automorphisms ofY. 

Proof. Part (i) follows from Proposition 12. 21 with ()2.12|) . 

Let Ti and T2 be two skew product endomorphisms of the form (j2.14|) . Denote 
W{x,y) := (x, W{x)y) . Then (|2.15|) implies T2 o S = S o Ti if we use the automorphism 
S = W. 

Conversely, suppose there exists an automorphism 5* such that T20 S = S oTi. Then 
the partitrions 

7 := 7(fi) = 7(f2) = 7(T,) X uy 
and 

P := P{T^) = (3{f2) = 7(T,) x sy 

are invariant with respect to S. Moreover, 7 is element-wise invariant with respect to S. 
Hence, S\c{fi\c) = /^Ic for almost every element C G 7. The restriction S\c induces a 
factor automorphism Wc on the factor space C / &^ = Y. We obtain a measurable family 
W{x) := Wc{x) , X E Xp , oi automorphisms of Y. Since the partition 7 = 7(Tp) x uy 
is Ti)- and T2-invariant, the functions Ai{x) and A2{x) (as well as W{x)) are constant on 
elements of 7(Tp). Therefore the equality T20 S = S oTi implies T20W = W oTi and ()2.15p 
holds. D 

Consider two special cases. 

Absolutely non-homogeneous p. The distribution p = {p{i)}i^j is called absolutely 
non- homogeneous if p{i) y^ p{j) for all i ^ j ■ 

In this case we have 71 (T) V T^^e = e . On the other hand 71 (T) ± T~^e . Thus 
Ap(T) consists of the only partition, which is 5 = 71 (T) . Hence 

5(°°)=7(T) , /5„(T)=7„(T)VT-"£ = £, 
00 
/3(T) = /\ /5„(T) = £ , /5(T)V5(°^)=£ 

n=l 

Thus we have 

Proposition 2.11. Every p-uniform endomorphisms with absolutely non-homogeneous p 
is simple. 

Homogeneous p. We have another extremal case if p is homogeneous, i.e. if for some 
/ G N , / = {1, 2, . . . , / } and p{i) = l'^ for all i G / . 

All the functions m„ , which generate the partitions 'jn{T) , are constant, 

Unix) = m^«"(^)(Q„_,(x)) = r\ neN , xeX 

We have 7(T) = 7„(T) = z/ , and /3„(T) = T-'^e , whence, /3(T) = A^=i ^""^ = a{T) . 
Therefore, for any 5 G Ap(T) the equality ()2.10p is equivalent to 5^°°^ V a{T) = e . On the 
other hand (5*-°°-* _L a{T) for every 5 G Ap(T) . 

Thus we have for T G U£{p) with homogeneous p 

Proposition 2.12. Let T G U£{p) with homogeneous p. Then 
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(i) T is simple iff there exists 5 E Ap(T) such that 5^^^ E IC{a{T)). 
(ii) The skew product decomposition in Theorem \2.1i\ is a direct product Tp x S with 

S = T/a{T) ■ 

(iii) Two such direct products Tp x Si and Tp x 5*2 are isomorphic iff' the automorphisms 

Si and S2 are isomorphic. 
(iv) //, in addition, T is exact, i.e. <y{T) = v , then T is simple iff T is isomorphic to 

T 

It is easily to construct a skew product T over Tp, which is exact and has entropy 
h{T) > h{Tp) = logl . Every such endomorphism is p-uniform, T E U£{p) , but it is not 
isomorphic to Tp, whence, it is not simple. See also |FeRj . |HeHoj . |HeHoRj . |Hoj . JHoRJ), 



for more interesting examples of such kind of endomorphisms. 

Remark 2.13. It can be shown that there exist non-simple exact endomorphisms in each 
class U£{p) in the case, when p is not absolutely non-homogeneous, i.e. p{i) = p{j) for 
some i,jEl. 

The following result plays an important role in present paper. 

Theorem 2.14. Every ergodic p-uniform one-sided Markov shift Tq, corresponding to a 
positively recurrent Markov chain on a finite or countable state space, is simple and 

(2.16) diTc) = d^.,piTG) < 00 . 



Proof. The last statement 12.161 was proved in [Rugl Theorem 4.3]. It implies that Tq is 
simple by Proposition 12.91 D 

3. Stochastic graphs and their homomorphisms. 

3.1. Stochastic graphs and Markov shifts. We need some terminology concerning sto- 
chastic graphs and their homomorphisms. 

Consider a directed graph with countable (finite or infinite) set G of edges. Denote by 
(7*^°^ the set of all vertices of the graph. We also denote by s{g) the starting vertex and by 
t{g) the terminal vertex of an edge g E G 

t{9)^^s{g) 

The maps 

s : G3 g ^ s{g) E G^^^ , t : G 3 g ^ t{g) E G^^^ 

completely determine the structure of the graph G, 
In the sequel we assume that both the sets 

^G = {gEG : t{g) = v} , Gu = {gEG : s{g) = u} 

are not empty for all vertices u ,v E G^'^\ 

Denote by G^"'^ the set of all paths of length n in G , i.e. 

(3.17) GW = {(71(72... ^„eG" : s{gi)=t{g,),...,s{gr,.i)=t{g^)} 

A graph G is said to be irreducible if for every pair of vertices u ,v E G^^-* there exists a 
finite G-path gig2 . . . gn E G*^"^ such that u = s{gn) and v = t{gi) . 

Take into account that we use here and in the sequel the notation gi g2 ■ ■ ■ gn for 
backward paths 

*(^i) ^^^ s{gi) = t{g2) ^^^ 5(^2) = t{g^) ^^^ . . . ^^^ s(^n) 
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A graph G is called stochastic if its edges g are equipped with positive numbers p{g) such 

that XlqeG P^d) ~ ^ ^'-'^ ^^^ ^ ^ ^*'°'' • "^^^ weights p{g) , g E G , determine the 
backward transition probabilities of the Markov chain induced by G. 

We shall assume in the sequel that there exist stationary probabilities p^^' (u) > on 
G^o) such that 

(3.18) Yl P^°^H = 1 ' J2p^9)p^'^('^9)) = P^'\v) 

for all vertices u ,v E G^^'. 

It is known that the stationary probabilities on G^^^ exist iff the corresponding to G 
Markov chain is positively recurrent. If, in addition, the irreducibility condition hold, the 
stationary probabilities p^'^\u) , u E G^^^ on the vertices are uniquely determined by the 
transition probabilities p{g) , g E G on the edges. 

Thus any stochastic graph {G,p) induces a Markov chain on the state space G with 
the transition probabilities matrix P = {P {g , h)) ^^ ^.^^^ , where 

piq k) = { ^^^^ ' ^•^ ^^^^ ^ '^*^^'* 
^ '^ I '-' ' otherwise. 

In the sequel we mainly deal with stochastic graphs, which induce irreducible positively 
recurrent Markov chains. 

The one-sided Markov shift Tq, induced by the stochastic graph G , is defined as 
follows. Let 

Xg = {x = {gn}Zi e G^ : s{g,) = t{g,) , s^g^) = t{g,) , ...} 
and the Markov measure itlg on Xq is given by 

P{9i) P{92) ■ ■ ■ p{9n) P^^\s{gn)) 
on the cylindric sets of the form 

M9i 92 ■■■ 9n) ■= {x = {a:fc}^i E Xg : Xi = gi , . . . , x^ = gn} 

where gi g2 ■ ■ ■ g-n) £ C*-"-* is a G-path of length n in G. 

The one-sided shift Tq acts on the probability space (X^, mc) by 

TG{{Xn}n=l ) = {a;n+l}r=l 

and Tq preserves the Markov measure mc- The shift Tq is ergodic iff the graph G is 
irreducible. Under the irreducibility condition, the stationary probabilities p^^' on G^^' and, 
hence, the Tc-invariant Markov measure ma are uniquely determined by the stochastic graph 
(G,p) . 

The coordinate functions 

Zn ■■ Xg3 X= {Xk]'^^i ^ XnEG , UEN 

form a stationary Markov chain on {Xg,itlg) with the backward transition probabilities 

P{g, h) = mci Zn = h\ Z„+i = g} = p{h) , n G N 
for all (/i, g) E G^^) . 

Consider now the partitions 

C„ = Z^-\g = Tj"+^Ci = {T^"+'A((?)},eG , n G N , 
generated by Z„ on Xg-, where 

A{g) = {x = {ajfc}^^ eXg ■■ xi = g} 
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Setting C = Ci and T = Tq, ^e have 

oo 

(3.19) yT-''+\ = e 



n=l 



(3.20) C ^ V ^""^ ^^^^ ^"^0 

n=l 

Recall that a measurable partition (^ of (X, m) is said to be a one-sided Markov 
generator or one-sided Markov generating partition for an endomorphism T of {X, m), 
if the above conditions ()3.19j) and ()3.2()|1 hold. 

The partition (g will be called the standard one-sided Markov generator of the one- 
sided Markov shift Tg on Xg- 

Example 3.1 (Standard Bernoulli Graph). Let (/, p) be a finite or countable alphabet 
and 

p = {p{t) , z G /} , p{i) > , ^p(2) = 1. 

be a probability on I. We shall consider (J, p) as a stochastic graph, which has the set of 
edges i E I with weights p{i) and a single vertex, denoted by "o" . So C^^^ = {o} is 
a singleton and s{i) = t{i) = o for all i & I. We shall say that (/, p) is the standard 
Bernoulli graph. 

For instance, ^ Cj '^ '' if l-^l = 2 and p = {p, q) . 

The corresponding to (/, p) one-sided Markov shift Tj coincides with the Bernoulli 
shift T/ = Tp. The generating partition C,i coincides with the standard Bernoulli generator 
5p = {Bp{^}i^j , defined by (E^). 

Induced shift Tu . For any u E G^^^ , denote 

D{u) := {x = {xkJZi e Xg : t{xi) = n } , n G G^'^ . 

and consider the partition (^'^'> := {D (u)} ^^(^(o) on the space Xg- The partition ^^°) is a 
Markov partition with respect to shift Tg , i.e. 

(3.21) C^'^±T^'exa (mod TJ^C^")) , 

but it is not a one-sided generator for Tg, in general. 

We shall use in the sequel the endomorphisms T„ := (Tg')_d(m), induced by the shift Tg 
on elements D(u) of C^^\ u G C-^^ . The Markov property ()3.21|) provides that for every 
u G G^^^ the induced endomorphism T„ is a Bernoulli shift. More exactly, in accordance 
with the general definition of return functions ()2.2j) we have 

^u{x) = ipDiu){x) := min{n > 1 : TqX G D{u)} , x G D{u) 

and 

T^x = T^"(^-)x , X G Xg . 

Take /„ = IJ^i ^u,n , where Iu,n be the set of all gig2 ■ ■ ■ Qn ^ C^"^ such that 

(3.22) t{gi) = s{gn) = u , s{gk) = t{gk+i) ^ u , k = 1,2, ... ,n - 1 . 
Define also p„ = {p„(i)}i6/„ by 

(3.23) p„(z) = p{gi)p{g2) ■ ■ ■ pig-a) , i = gigi . . . s-n g 4,„ . n g N . 
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For any i = gig2 ■ ■ ■ Qn ^ Iu,n we set Bu{i) := ^(fi'i5'2 • • • fl'n) and consider the partition 
Cm = {Bu{i)}ieiu ) whose elements are enumerated by the alphabet /„. The Markov property 
fl3.21|) implies that the partitions T~'^(u , n G N are independent. Thus 

Proposition 3.2. The induced endomorphism T^ is isomorphic to the Bernoulli shift Tp^ 
and (u is a one-sided Bernoulli generator ofTu- 



3.2. Graph homomorphisms and skew products. Now we want to establish the class 
of graph homomorphisms that we shall use. 

Definition 3.3. Let G and H be two stochastic graphs. 

(i) A map (p : G ^ H is a graph homomorphism if there exists a map 0*^°^ : G^^^ -^ 
if (°) such that 



s^g)) = <P^'\sig)) , t(0(^)) = 0W(t(^)) 



for all g E G . (Note that, if the map (f)^ ' exists it is unique.) 
(ii) A graph homomorphism (p : G ^ H is deterministic if (p^^^G^^^) = H^^^ and for 
every u E G^^^ the restriction of on Gu 

<P\Gu ■ Gu -^ -f^</,(0)(u) 

is a bijection of this set onto H^mf^^) ■ 
(iii) A graph homomorphism is weight preserving or p-preserving if p{(f){g)) = p{g) 
for all g E G . 

Two edges gi and g2 are said to be congruent if 

s{gi)=s{g2) , t{gi)=t{g2) , p{gi) = p{g2) ■ 

The map 0^°-' in the above definition is uniquely determined by 0, but (j)'^'^'> does not determines 
if G has congruent edges. 

Anyway one can use a more explicit notation 

(0,0(°)) : (G,G(°)) ^ (i/,iiW) 

for the homomorphism (p : G —>■ H . 

We shall denote by T-Com{G, H) the set of all weight preserving deterministic graph) 
homomorphisms (p : G ^ H . In the sequel the term "homomorphism" always means just 
weight preserving deterministic graph homomorphism. 

Proposition 3.4. Let cp : G ^ H he a map. 

(i) If (p is a graph homomorphism, it induces a factor map 

such that $0 o Tc = Th o $0 . 
(ii) //, in addition, is weight preserving, the factor map $<^ is measure preserving, 

(iii) // is also deterministic, the shift Tq can he represented as a skew product 

(3.24) f{x,y) = {Thx , A{x)y) , {x,y) eXh^Y 

where {A{x) , x E Xh} is a measurahle family of automorphisms ofY. 
(iv) IfTc is ergodic, Y is a homogeneous Lehesgue space. 
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Proof. Parts (i) and (ii) follow directly from Definition 13.31 Part (iii) and (iv) can be proved 
by analogy with Proposition 12.21 D 

Moreover 

Theorem 3.5. Let G 7iom{G,H) and suppose that the shift Tq is ergodic. Then there 
exists d gN such that |$7^(a;)| = d for almost all x E Xh ■ That is, in the skew product 
l{3.24]) the space Y is finite, \Y\ = d . 

Note that Theorem 13.51 claims the finiteness of d even in the case, when the graph G 
is not finite, i.e. |G| = oo. This is a consequence of positive recurrence of the corresponding 
to G Markov chain. The skew product decomposition (J3.24J) of Tq over T^ is a d-extension. 

Theorem 13.51 was proved earlier in a particular case, when if is a Bernoulli graph, i.e. 
when H^^^ = {o} is a singleton (See Theorem 3.3 and Corollary 3.4 from Rusl , and also 
Theorem 13.181 below) . 

We omit the proof of Theorem 13. 51 in general case , since only the pointed out particular 
case is considered in this paper. 

Definition 3.6. . The integer d in Theorem 13.51 i.e. the degree of the factor map $0 will 
be called the degree of the homomorphism 0. 

Denoting the degree by d^cp) , we have (i(0) = |$^"'^(a;)| for a.a. x G Xh- 
The following construction plays a central role in our explanation. 

Example 3.7 (Graph Skew Product). Let d eN and let Y^ = {1,2, ... ,d} consists 
of d points of measure ^. Denote by Ad = A{Yd) the full group of all permutations of Yd. 
Given a stochastic graph H, equipped with a function a : H 3 h ^ a{h) G ^^ , we 
construct a stochastic graph Ha and a homomorphism t^h '■ Ha ^ H hj 

Ha = H X Yd , i?(°) = i/(°) X Yd , 

with 

sCh) = {s{h),y) , tCh) = {t{h),a{h)y) , p{h) = p{h) 

for h = {h, y) E Ha = H x Yd and also 

p(o)(^) = p(o)(^) ^ u={u,y)E iff) = iJ(°) X Yd 

. The natural projection 

7^u:Ha = HxYd^H , ttj,^'^ : ^f) = H^'^ x Yd -. H^'^ 

is a homomorphism. 

Definition 3.8. We shall say that the graph Ha is a skew product over H and the homo- 
morphism tch '■ Ha — > if is a graph skew product (or GSP) (i-extension of H . 

In the above construction we have \TTH~^{h)\ = d for all h E H and this is, in fact, 
a characteristic property of the graph skew product (i-extension in the following sense 

Definition 3.9. Two homomorphisms (pk '■ Gk ^ H , k = 1,2 are said to be equivalent 

if 02 = /t o 01 for an appropriate isomorphism k, : Gi ^ G2 ■ 

Definition 3.10. Let d eN . A homomorphism G 7iom{G,H) is called a (i-extension 
if 

(3.25) \(t)~\h)\ =d , HeH . 

Proposition 3.11. Any d-extension (p : G —>■ H is equivalent to a GSP d-extension tth '■ 

Ha^H . 
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Proof. Let G 7iom{G, H) is a (i-extension. Since is deterministic the restrictions 
0|g^ are bijections between Gu and if0(o)(„) for all u G iJ*^°\ Hence the condition (J3.25J) is 
equivalent to 

For each u G H^^^ we can choose a bijection Wu of 0'^°^ (u) onto Y^. With any fixed choice 
of these bijections we set 

H 3 h^ a{h) = Wt{h) o Ws(A)"^ e ^d , 

and consider the corresponding skew product graph Ha- The bijections Wy, uniquely deter- 
mine an isomorphism n : G —* Ha such that (j) = tih ok. D 

Remark 3.12. The Markov shift Tjj^ corresponding to a graph skew product Ha can be 
identified with the skew product endomorphism T^^a, defined by 

fH,a{x,y) = (THX,a{xiy^y) , x = {xn}^^ e Xh , y eYd . 

and thus any ^-extension is a homomorphism of degree d. 
Indeed, the shift Tg^ acts on the space 

^Ha = {{iXn,yn)}n=l ■ ^ = {Xn}n=l ^ X^ , y„ = a{Xn)yn+l G Yd} 

and the map 

^ : Xs^3 {x^JZ, - {{xnJZvyi) eXnxYd 

realizes the identification, that is, rriH ® rriYj = f^tHa ° ^^^ ^"^^ Tua o \[' = \[' o Tfj^ . Note 
also that 

(3.26) vl; Cu^ = Cnxey, , v]/ cf^ = cP x sy, . 

Consider now two skew product endomorphisms Tn^a^ ? corresponding to graph skew 
products Hak with two functions ak : H ^ Ad , k = 1,2 . 

Definition 3.13. (i) Two functions at '■ H ^ Ad , k = 1,2 , are said to be co- 

homologous with respect to H if there exists a map w : H^^' -^ Ad such that 

(3.27) a2ih)w{s{h)) = w{t{h))ai{h) , heH 

(ii) Two measurable functions A^ : Xjj —>■ Ad , A; = 1, 2 are said to be cohomologous 
with respect to T^ if there exists a measurable map W : Xh -^ Ad such that 

(3.28) A2{x)W{x) = W{THx)Ai{x) , x e Xh 

In accordance with Definitions 13.91 and 13.131 we can say now that the homomorphisms 
tth '■ Ha^. —>■ H are equivalent iff the functions a^ : H ^ Ad , fc = 1 , 2 are cohomologous 
with respect to H. 

The equality (j3.27|) is equivalent to (J3.28J) if we take 

Ak{x) = afe(xi)"^ , k = l,2 , W{x) = w{t{xi)) 

for X = {xn}'Zi G Xh and given a^ and w. Hence if Oi and 02 are cohomologous with 
respect to H, then Ai and A2 cohomologous with respect to Th- 
We shall show in Section 1^^ that the inverse is also true. 
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Remark 3.14. Let x '■ H ^ Hi he a homoinorphisin and tci : Hi ^ Hi be a (i-extension of 
Hi generated by a function ai : Hi —* Ad- Setting a{h) := ai(x(^)) we obtain a d-extension 
TT : H := Ha -^ H oi H . The map xih,y) := {n{h),y) , {h,y) G -ff is a homomorphism and 
the diagram 

(3.29) H^^Hi 



H^Hi 

commutes. The homomorphism x is called a trivial extension of x- If, in addition, d{x) = 1, 
then d{x) = 1 and hence the corresponding endomorphisms Tn^a and Tn^^ai are isomorphic. 

3.3. Stochastic p-unform graphs. We continue to consider (/,p) as the standard 
Bernoulli stochastic graph, (Example 13. ip 

Definition 3.15. A stochastic graph {G,p) is called p-uniform if there exists a homomor- 
phism G TiomiG, I) . 

For any such homomorphism (f) and for every u G C-"^ 

\gu ■ {Gu , P \gJ -^ (^,P) 
is a weight preserving bijection. Thus the atomic probability spaces {Gu,p\gu) ^^^ isomor- 
phic to (/,p) for every u G G''^\ 

Proposition 3.16. Tq G U£{p) iff G is p-uniform. 

Proof. Consider the partition ^i := Tq^Exq generated by the shift Tq- The Markov 
property of the measure mc on Xq implies 

m^^i^''\{x}) = mci Zi=xi\ Z2 = X2} = p{xi) 

for a. a. x = {xn}'^^i G Xq , Here m^ii^^\{x}) is the conditional measure of the 
point X in the element C^i(a;) = T^^Tqx of the partition ^i. Hence for every u G G^^^ 
almost all elements {C^mc) of the partition ^i are isomorphic to {Gu,p\gu) on the set 
{x = {xn}'^^i G Xg : s{xi) = u} . But Tq G U£{p) iff a. a. elements {C^rric) are 
isomorphic to {I,p)- Hence Tq G U£{p) iff {Gu,p\gu) ^^^ isomorphic to (/,p) for every 
u G G'(o). D 

Let G be a p-uniform graph and (f) G 7ioni{G, I) . Consider the partition 0~^£/ = 
{(J)~^{i) , z G / } of G. The first coordinate function 

Zi : XG^ X = {xfc}^^ -^ xi e G 

generates the following partition 

6^ = Z^\r'ei) 

of the space Xq- Elements of 5,^ have the form 

B{{) = Zl\<p-\^)) = {x = {xk}Zi e Xg : 0(^) = t} , t E I 
Using the standard Markov generator 

CG = Zi'eG = {Aig)}^^^ , Aig) = Zi\g) 
of Tg, we have 

^(^) = U ,. .rA^) 
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and 

for i E I . Hence for 6 = 6,j) we have 

(3.30) 6 e IC{ T^'exa ) = Ap(Tg) , 6 < (g 

Denoting by ApiTc, (a) the set of all 6 that satisfy ()3.30|) . we have also 

Proposition 3.17. ApiTcCc) is precisely the set of all 6 of the form 6 = 6^. 

Now we introduce a semigroup S{(j)) of maps / : G^^^ -^ G^^^ induced by the 
homomorphism 0. 

Let i E I . Since is deterministic the restriction 0|g„ : Gu -^ I is a bijection 
of Gu onto I for every u G G'-^-*. Hence for any pair {i,u) there exists an unique Qi^u such 
that (f){gi,u) = i and s{gu,i) = u . Putting fiU = Qi^u , we get a map /j : G^"'' ^ G'^°^ . Let 
(S(0) be the semigroup generated by the maps {/j , i E 1} . 

Let J-'S{I) be the set of all finite words iii2 ■ ■ -in in the alphabet /. We shall consider 
J^S{I) as a free semigroup with the generating set I and with juxtaposition multiplication: 

ili2 ■■■im- jlJ2 ■■■in = ili2 ■ ■ ■ imjlJ2 ■ ■ ■ jn 

and set 

fhi2...l„ = fh° fi2° ■■■ ° fin , n^2 ■■■in e /" 

Then iii2 ■ ■ ■in ^ /jii2...j„ is a homomorphism from the semigroup J-'S{I) onto the semi- 
group 

'5(0) = {fhi2...in , «1«2 . . . «n e J^S{I)} , 

generated by {/« , « G /} . 

Now we can describe the partitions 

n 
k=l 

as follows. 

First recall that the partition Q^' consists of the atoms D(u) = Z^^(uG) , u E G^^' 
and rename the elements A{g) , g E G of the partition (g by 



D{i,u):=A{g,^u) , u E G^^\ lEl . 

G(°) we have D{i,u) = B{i) n T^^D{^ 

D{i,u) = {x = {xn}'^^i E Xg ■■ t{xi) = u , 0(xi) = i} 



Then for alH G / and u E G(°) we have D{i, u) = B{i)n T^^D{u 



and 



(3.31) 5(0= U Dit,u) , D{u)= U D{i,v). 

ueGW v:Mv)=u 

Further for any gig2 . . .gn & G^""^ there exists a unique pair (ziZ2 ■ ■ ■in,u) E I"' x G^^^ such 
that 

(3.32) u = s{gn) , ik = 0(5'fc) , t{gk) = fi^^ (s(fi'fe)) , A; = 1, 2, . . . , n 
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Hence any atom A{gig2 . . . gn) of the partition ^^ = Vfc=i T^^^^^g can be renamed by 
D{iii2 . . .in,u) = A{gig2 . . . gn) , where the pair (iiZ2 ■ ■ -in, u) satisfies ()3.32|) . By ()3.3H) 
any atom B{iii2 ... in) of the partition 5^ = Vfc=i Tq^'^^S^ has the form 

B{iii2...in) = U D{iii2...in,u) 



and since 
we have 



D{hi2...in,u) = B{Hi2 ... i„)nT-"D(u) 



mG{B{iii2 ... in)) = p{ii)p{i2) ■■■ p{in), 
mG{D{iii2...in,u)) = p{ii)p{i2) ■■■ p{in)p^^\u). 
Any (^^ -set has the form 

D{E) = {x = {xn}Zi e Xg : t{x^) G E}. 
for a subset E C G^^) . Then for any iii2 ... in & I"' 

D{E) n B{iii2 . . . in) = U D{iii2...in,u). 

u:fij^i2 ... i„{u)£E 

Hence 

(3.33) TUGiDiE) I i?(ZiZ2 . . . ^n)) = P^'\UX ...^^E)). 

Next theorem is basic for our explanation. Let 



oo 



n=l n=l 

Theorem 3.18. Let (j) G nom{G,I) . Then 

;-(00) 



(i) Cg V 6l-> = ex, 
(ii) d{TG) < d{TG,6^) = d{^) < oo 



^G 



Proof. It was proved in [Ruel Theorem 3.3] that if C is a one-sided Markov generator of T 
and 

T e U£{p) , 6 G A,(r) ,6<(, 

then ( V 6^°°^ = e . Hence (i) follows by putting 5 = 6^ and C = Cg • 

Since the partition (g is finite or countable the equality (i) implies that almost all 
elements (C, mc) of the partition 5^°° are atomic. Taking in to account the ergodicity of 

Tg, we see that almost all elements of 5°^ consist of d atoms of measure ^ for an natural 
d. Herewith by Definitions 12.31 and 13.61 we have d = d{TG, S^) = d{(f)) and, whence, (ii) 
follows. D 

We need the following sharp version of Part (i) of Theorem 13.181 
Lemma 3.19. C§^ V 6^°°'^ = Exq 

Proof. Choose an increasing sequence of positive numbers c„ > and an increasing sequence 
of finite subsets En of G^^^ such that 

oo oo 

(3.34) |Je„ = G'(o) . 5^(l-c„)<oo . p(o)(i?„)>c„. 

n=l n=l 
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Since \En\ < oo there exist i\ 4 • • -AJ ^ ^ ^^^ /« •" /•(")•(") •(") ^ '^(0) such that 

" 1 2 •■■ fe„ 

|/„(E„)| = min{|/(E„)| : / G 5(0)}. 

The choice of /„ provides that all restrictions f\f„(E„) ? / ^ '^(0) are bijections. 
Consider the sets 



«2 •••^fe„,WJ 



and also 
where 



F„ := {xeXc : T'^"(^)+"x G 5;} , 



Unix) := min{A;>0 : T^+'^x G 5„} 
Then it is not hard to see that 

mciFn) = mciB'^ \ 5„) = p^^^^n) > c„ . 

Set F := lim inf „^oo -^n • Then we have mc{F) = 1 , since ^(1 — c„) < oo . By 
constructing, the set F has the following property. Suppose x = {xk}'^^-^ and y = {yk}'kLi 
belong to F and 

$,,(x) = <^sM = {^k}Zi e X,. 

If s{xm) 7^ s{ym) for some m > 1, then 

t{xk) = fikS{xk) 7^ t(i/fe) = fi^s{yk) , k = 1,2, ... m . 

In other words, if t(a;i) = t(|/i) and ^5^{x) = ^s^{y) then a; = y. Thus (q V 5^°^ = Exq 
on the set F of measure 1. D 

3.4. Semigroup S{(f)) and persistent d-sets. Let f/ be a finite or countable set. 

Definition 3.20. Let iS be a semigroup of maps f : U ^ U on U and let li G N . Call 
the semigroup S d-contractive if there exists a subset L C U such that 

(i) |/(L)| = \L\ = d for all f e S . 
(ii) For every finite subset E G U there exists / G 5 with f{E) C L . 

The sets L, satisfying (i) and (ii), will be called persistent d-sets with respect to S. 

Denote by C{S) the set of all such L. We have directly from the definition: 

• For L G C{S) and f E S the restriction /|l : L -^ f{L) is a bijection and 
/(L) G C{S) . 

• The semigroup S acts transitively on C{S), i.e. for every pair Li , L2 G >C(i5) 
there exists / G 5 such that f{Li) = L2 . 

• The integer d is equal to 

(3.35) d{S) := sup min \f{E)\ . 

ECU:\E\<oo /eS 

and d{S) = minjes \f{U)\ if \U\ < 00 . 
Let G be a p-uniform stochastic graph and G TiomiG, I) be a homomorphism : 

Return to the semigroup 5(0) which acts on U = C-*^^ . 
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Theorem 3.21. Let Tq be an ergodic one-sided Markov shift corresponding to a p-uniform 
stochastic graph G and let G 7iom{G, I) . Then the semigroup S{(f)) is d-contractive on 
G(°) and 

(3.36) d = d{S{(j))) = d{TG,5<p) = d{(j)) 

Proof. To prove the theorem we shall use the partition (q on G^^\ Recall that (q consists 
of all atoms of the form D{u) = Z^^(uG) , m G G^^\ . For any subset E of G^^^ we denote 

D{E) = {x = {Xn}Zi e Xg : t{x^) e E} = [j D{u) , 

ueE 

i.e. D{E) is a Cg "^^^ corresponding to E in the space Xq- 

It follows from Theorem 13 . 181 Part (ii) that almost all elements {G, mc) of the partition 
5°° are isomorphic to Yd, where d = d{TG, 6^) eN . Hence 

m{{x} I C,(oo)(a;)) = - 
4^ d 

for a.e. x G Xq. Then Lemma [3.191 implies that there exists a measurable family {l{x) , x G 
X} of subsets l{x) C G^^^ such that 

(3.37) m{D{l{x)) \ Gc^){x)) = 1 , \l{x)\ = d 

4> 

almost everywhere on Xq- 

For any L C G'-^-* denote 

L := {xeXc : l{x) = L} , C := {L C G^") : mciL) > 0} , 

i.e. £ is the (finite or countable) set of all essential values of the function x -^ l{x) . 
We show that C C £(5(0)) , i.e. that every L E C satisfies the conditions (i) and (ii) of 
Definition Unm 

Take any finite subset E C G^^' and choose c > such that c < ravHui^EP {u) ■ 
For L E C and almost all x = {xn}'^^i G L we have by ()3.33|) 

lim„,^^m{D{L) \Gir.){x)} = mG(/^(/(x)) | C (^)(x)} = 1 

and by ^H^ 

m{D{L)\G^,.,{x)} = P^'\f-,l,...^SL)). 

4> 

Hence we can choose n and (xia;2 . . . Xn) G G*^"-* such that 

m{B{xiX2 ■ ■ ■ Xn) n L) > 
and then 

p^'\f;^L....AL)) > i-c 

The choice of c provides f^^i^ ...xS^) — -^ ^^"^ t\ms Part (ii) of Definition I3.2UI holds. Part 
(i) follows from the equalities 

(3.38) f.,.,....J{T^x) = l{x) , \l{x)\=d , xeXc 

by the definition of l{x) . We have proved the inclusion C C C{S{(f))) , which implies that 
the semigroup S is d-contractive with d = diTc S^) D 

Corollary 3.22. C = £(5(0)) , 
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Proof. It was proved above that C C C{S{(f))) . Take M G C{S{(f))) and L ^ C. Since also 
L E £(5(0)), there exists iii2 . . .in E I" such that 

fxiX2...xAM) = L = l{x) , xeL 

Then the equahty (jH.HHj) imphes M = l{T'^x) on a set of positive measure in X and hence 
M eC. Thus C D C{S{4>)) . D 

Remark 3.23. Note that the notion of d-contractive semigroup was introduced in [Ruel , 
where an analog of Theorem 13.211 was also proved. Definition 13 . 201 is a generalization of what 
is called "point collapsing" by M. Rosenblatt fRoil , 'R02J in the case \U\ < 00 and d = 1 . 
The case , when \U\ = 00 and d = 1, was considered in liKuMuTol . 



3.5. Graph skew product representation. From now on let G be a p-uniform stochastic 
graph, which is irreducible and satisfies the positive recurrence condition. 

Theorem 3.24. Let G 7iom{G,I) be a homomorphism of degree d = d{(j)) . Then there 
exists a commutative diagram 

(3.39) 





where the graph H = Ha is a graph skew product over H , generated by a function a : H 3 
h —>■ a{h) G Ad , the homomorphism coincides with the natural projection tih, and both 
the homomorphisms ip G TCom{H,G) and ip G TCom{H,I) are of degree 1. In particular, 
{^,^)ESxt\l,p) 

Proof. We construct a commutative diagram 
(3.40) 



such that the homomorphism G 7iom{H,H) is a rf-extension (See Definition 13. 10|) and 
both homomorphisms tp G 7iom{H, G) and ip G 7iom{H, I) are of degree 1 . 

We shall use the persistent d-sets C = £(iS(0)) of the semigroup 5(0), described in 
Theorem 13.211 fSectior lT^ . Since C is finite or countable we can enumerate the set by an 
alphabet J, setting C = {Lj , j E J}. 

Recall that the semigroup 5(0) is d-contractive with d = (i(5(0)) fTheorem l3.2H) . For 
any pair i E I , j E J we have \fi{Lj)\ = \Lj\ = d and the restrictions /j|l^ is a bijection 
of Lj onto fi{Lj) , whence, fi{Lj) E C for all i and j. For any i E I denote by // the 
map J ^ J , which is defined by f/j = j' , where fi{Lj) = Lj> . 

To construct Diagram 13.401 define first ip : H -^ I with H := I x J , H^^^ := J , 
where 

s{i,j) =j , t{ij) = ffj , p{i,j) = p{i) , ^{i,3) = i . 



Next set 



with 



^(0) := {(j, u)eJx G^") : j E j , u E Lj} , H := I X H^^^ 
s{i,j,u) = {j,u) , t{i,j,u) = {ffj,fiu) , p{i,j,u) = p{{} . 
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Finally, we define the maps ip and by 

(j): H 3 {i, j, u) ^ (ij) e H , ip : H 3 {i, j, u) -> Qi^u e G . 

where gi^u is uniquely determined by the conditions s{g) = u and (pi^g) = i. 

It follows directly from this constructing that H and H are stochastic graphs, and that 
, ip and ip are homomorphisms, and that Diagram 13 .41)1 commutes. Point out only that (p 
is a (i-extension, since \Lj\ = d for all j and hence (p is of degree d. This implies that ip and 
ip are of degree 1 , since (p is of degree d. 

It remains to apply Proposition 13.111 to the homomorphism cp : H ^ H . D 

Next we construct d-extensions with a minimal possible d. Let G as above be a p- 
uniform stochastic graph. Recall that G*^"-* denotes the set of all n-paths in G, see fl3.17|) . 
We shall consider G'-"^ as a stochastic graph with the set of vertices G^'^~^\ where for any 
5-^"^ =9192 ■■■ 9n 

S(^^"^) = 92 93 ■■■ 9n , t(^^"^) = 9l92 ■■■ 9n-l 

and pig^""^) = p{gi)p{g2) ■ ■ ■P{9n) ■ If G is p-uniform, the " n-stringing" graph G^"^ is also 
p-uniform. The natural projection 

^(n) . Qin) 3 gin) = (^^ ^^ . . . ^J ^ g, E G 

is a homomorphism and (p o vr*^") G 'Hom(G^'^\ I) for any G 7Yom(G, /) . However, 
if (/,p) has congruent edges there exist (pi G 'Hom{G^'^\l) , which are not of the above 
form 01 = o TT*^") . It is an obvious fact, that d^n^"^) = 1, i.e. $^{n) : Xq^^) — > X^ is an 
isomorphism. We use the index d{T,6) and the minimal index d{T), which were defined by 
Definition 12.,' 



Theorem 3.25. Let G be a p-uniform stochastic graph, which is irreducible and satisfies 
the positive recurrence condition. Then there exist an integer n ^ N, a homomorphism 
G T-Com{G^'^\ I) and a commutative diagram 

(3.41) g^LQin) 



H 

such that 

(i) The graph H = Ha is a skew product over a graph H , generated by a function a : 
H 3 h —>■ a{h) G Ad , d E N , and the homomorphism coincides with the natural 
projection tth of H onto H , 
(ii) d = d{<P) = d{TG), 
(iii) The homomorphisms ip G 7iom{H, G) and ip G 7iom{H, I) are of degree 1 . 

Proof. Let C = Cg be the standard Markov generator of the shift T^. It was proved in [Ruel 
Theorem 4.2 and 4.3] that there exist n E'H and 5 G Ap(Tg) such that 

n 

S <((-):= y T~'+\ , d{T,6)=d{T). 

k=l 

Take C^""^ and G^"-* instead C and G in Proposition 13 . 1 7l Then we obtain G 'Hom{G^'^\ I) 
with 6 = 6^ and thus, by using Corollarv 13.241 we complete the proof. D 
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4. HOMOMORPHISMS AND FINITE EXTENSIONS. 

4.1. Homomorphisms of degree 1. Let H he a p-uniform graph and consider a homo- 
morphism ip : H ^ I . Suppose that ip is of degree 1. By Theorem 13.211 the semigroup 
S{^jj), generated by fi = ff, i G / , is 1-contractive and all its persistent sets are singletons. 
Using ip we can identify the graph H with I x J, where J = H^^^ and for any h = (z, j) G H 

i){h) = i , s{h) = J , t{h) = fij , p{h) = p{i) 

Since d{%l)) = 1 the partition 6^ is a one-sided Bernoulli generator for the Markov shift T^- 
The factor map $5^ : Xh — > Xp is an isomorphism, $5^ o Th = Tp o ^^^ and we can 

consider the Markov partitions (p := ^5^{Ch) and Q := (^s^piCn) ^*-'^ -^p ^'^ -^p^ which 
correspond to the Markov partitions (h and CV ^^^ '^h on X^- The partition 6p = ^s^i^H) 
coincides with the standard Bernoulli generator of the Bernoulli shift Tp. 
Thus we have, with the notations from Section ESI 

Sp = {Bpit)Uj , Cp = {^p(^,j)}(M)6/xj , cr = {^pO')W 

where 



Dp{t, Mj)) = Bp{i) n T-^Dp{j) , (2, j) elxj 



.(0) 



Hence the homomorphism ip is determined by the partitions (5p , Cp ; Cp uniquely up to 
equivalence (see Definition 13. 9p . 

Our aim now is to construct a common extension of degree 1 for two homomor- 
phisms of degree 1. 

Theorem 4.1. Let ipi : Hi -^ I , tlj2 '■ H2 —>■ I be two homomorphisms of p-uniform graphs 
Hi and H'^ onto the Bernoulli graph (/, p) and suppose that ipi and 1^2 o'^e of degree 1. Then 
there exist a p-uniform graph H and homomorphisms ip, Xi ^'^^ X2 of degree 1, for which 
the following diagram commutes: 

(4.42) 




XI 

The homomorphism ip will be called a common extension of ipi and ip2 of degree 1. 

Proof. Denote by {(i, Q ) and (^2, C2 ) ^^e pairs of Markov partitions of the space Xp, which 
correspond to the homomorphisms ipi and tp2. Here we omit the subscript "p" and mark the 
partitions and their elements by subscripts " 1" and " 2" , respectively. 

We have to construct the desired H and ip : H -^ I by means of the partitions 

C:=CiVC2 , C^°):=Cf^Cf ■ 
By the identification Hi = I x Ji and H2 = I x J2, we have 

Ci = {£'i(i,Ji)}(»ji)e/xJi , Cf^ = {^i(ji)}iieJi , 

C2 = {^2(^,j2)}(M2)G/xJ2 , Cf^ = {^2(j2)}j2eJ2 , 

and then the partition (^^'^^ consists of all elements 

D{j) = Diiji) n D2{j2) , J = (ji, J2) G J . 
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where the set J is defined by 

(4.43) J ■= {3 = (ji, J2) : P^°^(j) := m,(Di(ji) n D2U2)) > 0} C Ji x J2 • 

For any i G / and j = (ji, J2) G J we set fij := (/i,,ji, fi,ij2)- Then 

D{fa) ■.=D^{h,j,) n D2(/2,j2) ^ ^i(^, ji) n /^2(«, J2) = 
B{i) n r-i(Di(ji) n ^202)) = B{t) n t-^dO') 

Since 5 and T^^e are independent, this iniphes 

Hence fij e J for all j E J and i E I . 

Thus we are able to define a stochastic graph H := I x J with if '^'^^ := J such that for 
any j G H^'^^ and /i = (i, j) G if 

s(/i) := J , t(/i) := /,(j) , pih) := p(z) , V^(/i) := 2 . 

The construction provides that ii is a p-uniform graph , p^^^ is a stationary probability on 
H^'^'' and tjj : H —* I is a homomorphism of index 1. Moreover, if we set 

Xi{h) := (i, ji) , X2ih) := (2,^2) , h = (i, ji, J2) G if = i x Ji x J2 , 

then Xi '■ H —>■ Hi and X2 '■ H ^ H2 are homomorphisms and Diagram 14.421 commutes. D 

We shall use also the following sharpening of the previous theorem, which can be proved 
in a similar way. 

Theorem 4.2. Let 

Ki : Hi ^ Hq , K2 : H2 ^ Hq , ipQ : Hq —> I 

he homomorphisms of p-uniform graphs Hi , if 2 and Hq and suppose they are of degree 1. 
Then there exist a p-uniform graph H and homomorphisms Xj Xi ^'^^ X2 of degree 1, for 
which the following diagram commutes 

{AAA) " ^' " ^° 




Note that this theorem holds without adding of homomorphism ipQ i.e. for graphs, 
which are not necessary p-uniform, but we do not use the fact in this paper. 

4.2. Extensions of Bernoulli graphs. Consider a very special case of the graph skew 
product construction Ha (see Example 13. 7j) . when the graph H is the standard Bernoulli 
graph (f , p). Let (i G N and let a : I ^ Ad be a function on f with the values a{i),i G f , 
in the group Ad of all permutations of Yd = {1,2, ... ,d} . According to the general GSP- 
construction we have la = I xYd , la =Yd and n : la —^ I , where for any h = {i, y) G /„ 

s{h) = y , t{h) = a{^y , 7c{h) = i , p{h) = p(0 , P^"\y) = d'^ • 

The stochastic graph la is p-uniform and it is irreducible iff the group T{a), generated by 
{a{i),i G f } C ^j^ , is transitive on Yd. 

As it was noted in Section EUl (see Remark l3.12|) the Markov shift Tj^ is isomorphic to 
the skew product Tp^a , which acts on Xp x Yd by 

(4.45) fp^aix,y) = {TpX,a{xiy^y) , x = {a;„}^^^ ^ Xp , y e Yd . 
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Theorem 4.3. Let vr^ : la^ -^ I , k = 1,2, be two d-extensions of the Bernoulli graph 
{I,p), generated by functions a^ : I ^ Ad, respectively. Let the functions A^ : Xp -^ 
Ad , k = 1,2, are defined by 

(4.46) Ak{x) := afc(a;i)^^ , x = {a;„}^^^ G Xp . 
If there exists a measurable function W : Xp -^ Ad such that 

(4.47) A2{x) ■ W{x) = W{Tpx) ■ Ai{x) , x E Xp 

then W{x) does not depend on x , i.e. W{x) = Wq E Ad a-e. on Xp. Thus Ai and A2 
are cohomologous with respect to Tp iff ai and 02 are conjugate in Ad, i-e. (22 (0 ' ^0 = 
Wq ■ ai{i) , i e I . 

Note that the last equahty means the equivalence of ai and 02 in the sense of Definition 
irni . since /(°) = {0}. 

To proof the theorem we need the following simple lemma. 
Lemma 4.4. Let T be a finite group with the identity element e. For any b : I ^ T denote 

(4.48) i?(")(a;) := Ka^i) " Ka;2) ■ • • • ■ Kx^) , x = {x^}Zi e Xp 
and 

(4.49) uJb{x) := min{neN : ^("^(x) = e} , x e Xp . 
Then the transformation T^'' , defined by 

Xp3x^ T^^'x := T/^^^^x G Xp , 
is an ergodic endomorphism of Xp, which is in fact a one-sided Bernoulli shift. 

Proof. Consider the F-extension of the graph (J, p) generated by b. 
Namely, set /;, := / x F and /^ := F with 

s(i) = (3(0,7) , m = m,b{z)-^) , p(j) = p{z) , p(°)(7) = irr' 

The skew product endomorphism Tp^b corresponding to the stochastic graph lb, acts on the 
space Xp X F by 

Tp,b{x, 7) = {TpX , B{x) -7) , x = {xn}^=i G Xp , 7 G F . 
where B{x) := b{xi) . The skew product Tp^b can be identified with the Markov shift Tj 
(see Remark 13. 121 ). Under this identification the partition Q coincides with the partition 

-'6 

where 

E(7) := Xp X {7} C Xp X F . 7 G F . 

For any 7 G F consider the endomorphism (Tp^b)E(y) induced by Tpb on the set -^(7). Let 

'^Ei-y) ■ ^(7) 3 (a;, 7) -^ </'e(7)(^'7) e N 

be the corresponding return functions ()2.2|) . 

Since we use the left shifts on F in the definition of the skew product TJ, and they 
commute with the right shifts, we have 

VEit) {^^ 7) = '^EirP) (a;. 7 ■ /5) , 7, /3 e F , X eXp . 

Hence with flOU)) and (jOg|) we have 

uj\x) = (^^(^)(a;,7) , 
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and 

Thus T"^ is isomorphic to the endomorphisms (Tj )Di'y) induced by the Markov shift Tf on 
elements -D(7) of the partition Q . So that T"^ is a BernouUi shift by Proposition 13.21 D 

Proof of Theorem 14.31 For given two functions ai an 02 put 

b: I 3i^ b{i) := (ai(i), a2(i)) ET := AdX Ad- 

and denote for A; = 1, 2 

Ar(a;):=Afc(T;*(^)-ix)-...-Afc(Tpx)-Afc(x) , A; = 1,2 

with y4i and A2 defined by ()4.46|) . Then by definition of b and Uh we have 

Af (x) := Af (x) = e , xGXp, 

where e is the identity of Ad- The equahty (j4.47p imphes 

A'^'ix) ■ W{x) = W{Tpx) ■ Af (x) 

and then W{T^''{x) = W{x) a.e. on Xp. By Lemma [4.41 T'^'' is ergodic and hence W{x) is 
constant a.e. on Xp. D 

4.3. Equivalent extensions. Let (i G N, and H be an irreducible positively recurrent 
stochastic graph. Given a function a : H 3 h -^ a{h) G Ad consider the graph skew 
product (i-extension Ha of H generated by the function a (See Example 13. 7|) . Recall that 
the skew product endomorphism Tu^ai corresponding to Ha, acts on the space X^ x Yd by 

ThA^^ y) = (Thx, A{x)y) , X = {a;„}^^^ e Xh , y EYd. 

where A{x) := a(xi)~ . We shall use Definition 13.131 

Theorem 4.5. Let iTk : Hak ^ H , k = 1,2 , be two d- extensions of H generated by 
functions Oi and 02, respectively, and let the functions A^ : Xh -^ Ad , k = 1,2 are defined 
by 

(4.50) Akix) := akixiy^ , x = {x„}^^^ G Xh ■ 

Then the following two conditions are equivalent 

(i) Ai and A2 cohomologous with respect to Th, i.e. there exists a measurable map 
W : Xh — >■ Ad such that 

(4.51) A2{x)-W{x) = W{Tx)-Ai{x) , x e Xh , 

(ii) ai and 02 cohomologous with respect to H, i.e. there exists a map w : H^'^^ — > Ad 
such that 

(4.52) a2ih) ■ w{s{h)) = w{t{h)) ■ ai{h) , heH 
Proof. It is obvious that (j4.52|) implies (J4.5H) with 

(4.53) W{x) = w{t{x,)) , X = {x,,}Zi e Xh 

That is (ii) implies (i). 

To prove the converse, suppose that ()4.5H) holds with a suitable measurable function 
W-.Xn^Ad. 

We have to show that the function W{x) necessarily has the form (J4.53J) . i.e. W{x) is 

constant on each element D{u) = Z^^{uH) of the partition Q^' = {D{u) , u G H'-^^} . 
To this purpose we shall use induced endomorphisms, which are defined as follows. 
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Fix an atom D{u) of the partition (j^ and consider the endomorphism T„ := {Th)d{u), 
induced by the shift Th on D{u), see Section ITTl In accordance with the general definition 
()2.2|) . the return function 

^u{x) = ipD{u){x) := min{n > 1 : T^x G D{u)} , x G D(u) 

induces T„ by T^x = Tfj^'^^'x . By Proposition 13 .21 the induced endomorphism T„ is isomor- 
phic to the Bernoulh shift Tp^, where /„ = IJ^i ^u,n , and pu = {pu{i)}ieiu are defined by 
()3.22|) and ()3.23|) . That is, Iu,n consists of all hih2 ■ ■ ■ hn G i/^"-' such that 

t{hi) = s{hn) = u , s{hm) = t{hm+i) ^u , m = 1,2, ...,«-! 

and 

pu{i) = p{hi)p{h2) . . .p{hn) , i = hih2 . . . /i„ G /„,„ . n G N . 
For any u G H^^'^ and A; = 1, 2 set 

Al-{x) := Afc(r'^"(^')-ix) ■ . . . ■ Ak{Tx) ■ Ak{x) . X G D{u) 

and 

al{i) := ttkih) ■ ak{h2) ■ . . . ■ ak{K) , i = hhi ...hn^ Iu,n ■ 
Then 

where 

5„(z) := {x = {xn}'^^i G D{u) : (xi^s . . . a;„) = z G /„,„ • 
Then the equality ()4.51|) implies 
(4.54) A'^"{x) ■ W{x) = W{Tux) ■ Af"(x) . x G D{u) , 

i.e. Af" and ^2" are cohomologous on D{u) with respect to T„ = T^". 

Since for any fix m G D{u) the partition (u = {Bu{i)}ieiy, is a one-sided Bernoulli 
generator for T„, we may apply Theorem 14.31 with the Bernoulli shift T„ = Tp^ and with the 
functions a^ , k = 1,2. Therefore, it follows from ()4.54|) that there exists w{u) G Ad such 
that W{x) = w{u) a.e. on D{u). 

For every u we have now an element w{u) such that W{x) = w{u) = w{t{xi)) for a.e. 
X G D{u). Hence W{x) is of the form (J4.53J) . W{Thx) = w{s{xi)) . Thus (|4.5ip implies 

(0321). n 

As a consequence we obtain 

Theorem 4.6. Lei^ vr^ : J/q^ ^ H , k = 1,2 , be two d-extensions of H generated by 
functions Oi and a2, respectively. Let also ip : H ^ I be an homomorphism of degree 1. 
Suppose d = d{TH,ai) = d{TH,a2)- Then the endomorphisms Tn^ai and TH,a2 o,re isomorphic 
iff ai and 02 cohomologous with respect to H . 

Proof. Since d{il)) = 1 the factor map \E' := $^ : Xjj —>■ Xj is an isomorphism. Consider two 
skew products over the Bernoulli shift Tp 

fk{x,y) = {TpX,Bk{x)y) , {x,y) e XpXYa , k = 1,2 
where Bk{x) := Ai^{^~^x) and A^ induced by a^ as above ()4.50|) . Each of the shifts T^-^ is 
a simple p-uniform endomorphism by Theorem 12. 141 The skew products Tuak as well as the 
shifts Tg^ , are isomorphic to T^. They are p-uniform endomorphisms and d = d{Ti) = d{T2). 
By Theorem 12.101 Ti and T2 are isomorphic iff the functions Bi and B2 are cohomologous 
with respect to Tp. This means that the functions Ai and A2 are cohomologous with respect 
to Th. Finally, by Theorem 14.51 the last condition holds iff Oi and 02 cohomologous with 
respect to H. D 
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4.4. GSP-extensions and persistent d-partitions. Let if be a stochastic graph and 
(J, p) a standard Bernoulli graph. In this section we study extensions of the form 

(4.55) (tt,^) : H^^H^^I 



where the graph H be an extension of the Bernoulli graph (J, p) by a homomorphism tp 
of degree d{ip) = 1 and H = Ha be a graph skew product d-extension of H generated by 
a function a : H ^ Ad (See Example 13. 7|) . The diagrams of the above form ()4.55p will 
be referred to (tt, '0)-extensions. We assume that the graph H is irreducible, i.e. the 
corresponding Markov shift Tjj and skew product Tn^a are ergodic. 

Fixing an extension ()4.55p and setting J = H^^'^ , we identify H with I x J such that 

i;(h) = I , S{h) = J , t{h) = /,(j) , pih) = p{{) 

for any h = {i,j) & H = I x J. Here the maps fi'.J-^J are uniquely determined by 

fd = t{hj) . ihj) e I X J 
and the semigroup »S('0), generated by {/j , i E 1} is 1-contractive, since d{'i/j) = 1 (Theorem 

EZE))- 

The (i-extension H = Ha is described now as follows: 

(4.56) H = I X JxYd , i?(°) = H^°^ xYd = J xY^, 
where for any h = {i,j, y) 

(4.57) sih) = {j,y) , t{h) = {fij,a{ij)y) , p{h) = p{i) , a{h) = a{i,j) 
The homomorphisms tp, n and (p = if) ott are defined by 

^{h) = h = {i,j) , vr(0)(j,y)=j , <p{h) = i;{h) = i, 
where c?(0) = d{Ti) = d and the diagram 

(4.58) I X J xYd 




commutes. The semigroup 5(0) can be described now as a li-extension S = S{tt,iI)) of the 
semigroup S{ip). 
Set 

(4.59) fiii^y) ■■= tii,j,y) = ifij , a{i,j)y) , {j,y) E J x Yd , i e I . 

The maps fi act on J x Y^. 

The semigroup S, generated by fi,iEl, consists of all maps of the form: 

{/ni2...i„ , ^1^2 ...«„€/", n G N} , 
where 

fiii2-in{3,y) = ifiii2-iJ^o.i^ii2---inJ)y) 
and 

a{iii2 . . . in, j) ■.= a{ii,fi^i^...ij)...a{in--i,fij)a{in,j) . 
Note that 5(-0) 3 f -^ f E S is an isomorphism between the semigroups. 

Proposition 4.7. T/ie semigroup S is d-contractive and its persistent d-sets are of the form 

C{S) = {L„jeJ} , Lj:={j}xYd. 
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Proof. By Theorem 13.211 the semigroup S is rf-contractive and Slip) is 1-contr active, since 
d{(f)) = d and d{ip) = 1- 

For any finite set F C JxYd the set i? := 7r*^*^-*(F) C J is also finite. Since the semigroup 
Si^ip) is 1-contractive there exist iii2 . . .in E I" and j E J such that fi-^i^^^^i^^E) = {j} and 
hence fi^i2...iSF) — ^j ■ O^ ^^e other hand d = \Lj\ = \fi{Lj)\ for all i E I,j E J. Thus 
the sets Lj and only they are persistent sets for the semigroup S. D 

For every E C J set E := tt^^^'^E = E x Yd. 

Definition 4.8. Let the semigroup S be as above. 

(i) A subset R of H^^'^ = J x Y^ will be called transversal with respect to n^^^ if 
7r^^\R) = H^'^^ = J and the restriction n^'^^\ji : i? — > J is a bijection. A partition 
r = {-Ri, R2, . . . , Rd} will be called transversal with respect to ii^^^ if all the set 
Ri,R2, . . . ,Rd are transversal, 
(ii) A transversal partition r will be called persistent with respect to semigroup S, if 
for every transversal partition ri and every finite subset E ^ J there exists f E S 
such that f'^ri \e = ^ \e ■ 

Denote by TZ the set of all transversal partitions and by 'R.{<S) the set of all persistent 
partitions for the semigroup S. 

If a set R is transversal then for any i E I the set f~^R is transversal. Hence for any 
r = {Ri, R2, . . . , -Rd} E IZ and f E S we have 

r V := { r'R^, f-'R2, ..., f-'Rd } G 7^ . 

Further we shall use this action 

713 r -^ f-^rETZ , JeS 

of the semigroup S on 7^. The following lemma shows that 7^(5) is an attracting set for TZ 
with respect to the action in a natural sense. 

Lemma 4.9. (i) The set TZ{S) is not empty. 

(ii) f-^n{S) C n{S) for all fES 
(iii) 7?.(iS) is the least subset oflZ with the property (ii). 

Proof. Consider a subset TZq{S) of IZ consisting of all r G 7^ having the following property: 

For any finite subset E C J there exists / E S{ip) such that f{E) is a singleton, i.e. 
\f{E)\ = 1, and r \e = f'^e \e , where E := E x Yd and e = ejy,Y^. 

We show that n{S) = 7^o(5) ^ 0. 

Take a sequence E^ /" J , |-E„| < 00 . Since d{S{ip)) = 1 we can find a sequence 
Qn E S{ip) such that for all n G N and /„ '■= Qn ■ ■ ■ ■ ■ 92 ■ 91, the set /„(-E„) is single-point, 
i.e. \fn{En)\ = 1. Using the decreasing sequence of partitions 

s > fi's > f2'e > ... >f~h>... 

set tq := A^i /n ^^ ■ Since |/„(i?„)| = 1 the restriction tq \e„ consists of d sets, whose 
projections on J are En- Hence tq ElZ and tq \^^ = f~^e \e^. We see that r^ E 7Zo{S), i.e. 
TZq is not empty. 

Let r G TZq^S) and ri G 7Z. For any finite subset E <Z J there exists / G 'JZ{S) such 
that r \e = f~^e \e ■ Then 

/'Vi 1^ < f-^e \E = r\E, 

Since each of the partitions consists of d elements, we have also f^^ri |^ = r |^. Hence 
r G 7^(5). 
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Conversely, let r G 7^(5) and E he a. finite subset of J. There are exist f E S and 
ri G 7^ such that ri |^ = f~^e \^ ■ On the other hand, since r G 7^(5), we can choose /i G 5 
for which fi^ri \g = r \^. Hence 

We see that r G TZq{S) and thus TliS) = IZq and Part {%) follows. 

Parts {ii) and [Hi) follow in the same manner by the definition of 'R-{S) and by the 
equality 7^(5) =7^o (5). D 

4.5. Irreducible d-extensions. In this section we continue to study (tt, t/^) -extensions of 
the form (p33|l 

where the graph H is an extension of the Bernoulli graph (/, p) by a homomorphism tp of 
degree 1 and H = Hahe a GSP d-extension of H, generated by a function a : H ^> Ad- 

Fix d and (/, p) and consider the set 8xt (J, p) of all (vr, ■?/') -extensions of the form 
()4.55|) . This set is equipped with a natural partial order and with an equivalence relation as 
follows 

Definition 4.10. Let (vr,^): H ^^ H ^^ I and {iruipi) : Hi^^Hi^^I be 

two (tt, ^)-extensions from Sxt {I,p)- Let a and ai be the functions, which generate the 
extensions H and Hi, respectively. 

(i) A homomorphism R : H ^^ Hi is said to be a trivializable (i-extension of a 
homomorphism k, : H —>■ Hi , if the square part of Diagram 14. 6(Jl f below ) commutes 
and the functions 

ai o X and a are cohomologous with respect to H. 
(ii) We shall say that 

(7ri,^i) ^ (7r,V^) 
if there is a commutative diagram 



(4.60) H -^^ H 



i> 



Hi *- Hi ^ / 

where R G 7iom{H, Hi) is a trivializable d-extension of k G T-Com{H, Hi) . 
(iii) We shall say that 

(7ri,V'i) ~ (vr,^) 

if there is commutative Diagram l^nni where both k : H —>■ Hi and its d-extension 
R : H —>■ Hi are isomorphisms. 

In connection with Part (i) of the definition, note that an extension R : H ^ Hi is 
trivializable iff it is equivalent to a trivial extension oi k, : H ^ Hi (see Remark 13. 14j) . 

It can be checked also that {7ii,il>i) ^ {ti,iP) and (vr, ^) ^ (tti, ^/^i) imply {7ii,ipi) r^ 
(tt, ip) , but we do not use the fact in this paper. 

Our aim now is to describe "minimal" elements of ( Sxt (I,p) , :<) . 

Definition 4.11. An extension (vr, ■?/') G Ext {I,p) is called irreducible if (7ri,ipi) ~ (vr,-?/') 
as soon as {■Ki,ipi) G £xt'^{I,p) and (vri,'?/'i) ■< (n,^). 
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Theorem 4.12. For any (vr, ^) G Ext {I,p) there exists a unique up to equivalence irre- 
ducible {7i,ip)- extension (tt^:,^^) E Ext {I,p) such that (vr*,^*) ^ {'^,4') ■ 

To prove the theorem we fix a pair (vr, ^) G £xt (/, p) and again use the identification 
(lOHll . Namely, 

(4.61) {7i,ij) : H = I X JxYd^^H = 1 X J^^I 



where H^^'^ = J and /7(°) = iJ(°) x F^ = J x F^ as in Section lOl 

We construct the desired irreducible (7r*,'?/'*)-extension and a corresponding commuta- 
tive diagram 

(4.62) H^^H 



— /I :+: __ 

H, ^H, 

by means of the semigroup S = S{tt,iIj) and its persistent partitions 71{S). 

Definition 4.13. A partition ^ of J = if '•*'•* is called reducing partition if the following two 
conditions hold 

(i) /~^^ ^ ^ for ^^^ f ^ 'Si'ip), i-e. C is iS('?/')-invariant 

(ii) For any element C G ^ denote C := ti~^C and let r\(j be the restriction of the 
partition r G 7^(5) on the set C. Then all the partitions r\(j ^ r E 7^(3) coincide 
with each other. 

Consider the set S of all reducing partitions C, on H^^^ . 

For any ^ G S we have n^^^ ^ = ^ x ^y^ cind the partition vr'^'') ^ V r does not 
depend on the choice of r G TZ{S). So that we may set 

(4.63) ^:=7r(°)"^^Vr , ^GS 

and S := {e : ^ G H} on H^'^\ 

Since ^ is 5('?/')-invariant and 7^(5) is 5-invariant by Lemma H^ the partition ^ is also 
iS-invariant. 

Therefore we may introduce the factor pair 

(4.64) H/-^^HU^^I 



Namely, we set 

HU := / X J/^ , H/-^ := / X J/^ x Y, 

Any element of ^ consists of d elements of the form i?^ , y E Yd , where C E ^ and 
Tc^'^^Ry) = C. Hence, by possibly passing to an equivalent extension, we may assume that 
Ry = C X {y}, i.e. ^ = ^ x ey^- This means that the function a = a{i,j), generating the 
extension H = Ha, does not depend on j on the elements of ^. Hence the equalities ()4.57p 
and ()4.59|) well define a/^ and H/^ := {H/^)a/^. Thus we have shown 

Proposition 4.14. For any ^ G H the natural projections 
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uniquely determine {iT/^,ip/^) G £xt {I,p) such that {tc/^,ijj/^) :< {tt,ijj) with the corespond- 
ing commutative diagram 

(4.65) H -^^^ H 



H/^ — ^ H/^ 



n/^ — 
Conversely 




5 



Proposition 4.15. For any {nijipi) :< {n,^p) there exists ^ G S such that (vr/g,^/^) ~ 

Proof. Take the map k^^' : if^^^^ -^ Hi^^' induced by homomorphism k : H ^ Hi from 
Diagram 13.291 and set ^ := k,^^^ Ejj (o). Then ^ G H and it is desired D 

Proof of Theorem I4.12L It is easily to see that S is a lattice, i.e. ^i V ^2 ^ S and 

^i /\^2 ^'^ for all .^i,.^2 £ S- Herewith, S has the least element. Denote the least element 
by ^* and let ^^ := (^^) be the corresponding partition of H^^\ Note that ^* is the least 
element of S. Herewith ^=1, is the least partition of H^^^ such that for all r G 7^(5) and every 
C E C, the restriction r I,;; consists precisely of d elements. 

Putting ^ = ^* in Diagram 14.651 f Proposition 14. 14^ we obtain Diagram 14.621 with 

H^ = H/^^ , H^ = H/^^ , TT* = tt/j:^ , V* = ^Z^, • 

and (7r*,'0*) ^ (vr, ■?/'). 

Using by the above propositions and Lemma (4.91 we see that the pair (Tr*,-?/'^,) is irre- 
ducible and that it is the only (up to equivalence) irreducible pair majorized by (vr, ■?/'). D 

Remark 4.16. The above arguments show that a pair (vr,-?/') G Ext {I,p) is irreducible iff 

{tt^,iP^) = {71, ip), i.e. iff ^* = Efjio). The last equality means that the persistent partitions 
7?.(iS) separate the points of H^^^ in the following sense: for every pair Ui,U2 G H^^^ there 
exist -Ri G ri G 71(3) and R2 E r2 E 71(3) such that 

TT^^^^^Mi) n i?i n i?2 7^ , TT^^^^Vs) n i?i n i?2 = . 



5. Canonical form and classification. 

5.1. Main Theorems. The following two theorems claim the existence and uniqueness of 
the canonical form of p-uniform one-sided Markov shifts. 

Theorem 5.1. Let G be a p-uniform stochastic graph, which is irreducible and positively 
recurrent. Then there exists a {irjtp)- extension 

(5.66) (tt,^) : H^^H^^I 



such that 

(i) The shifts Tq and Tg are isomorphic, 

(ii) {■T^,ip) G £xt (I, p), where d = diTc) is the minimal index of the shift Tq, 
(iii) The extension (vr, ip) is irreducible. 
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Proof. Combining the results of Theorems 14. 121 and 13.251 we obtain from Diagrams 14.621 and 
13.411 the following commuting diagram 



(5.67) 



H 



GW 



t(") 



G 




H^ 



H 



H^ 



Here, vr, tt^, and are homomorphisms of degree d = d{TG), all other homomorphisms are of 
degree 1, and the extension (vr*, ■?/'*) e £xt'^{I,p) is irreducible. 

Since G and ff* have a common extension H of degree 1, the shifts Tq and Tg^ are 
isomorphic. Thus the the extension (vr^., ■?/'*) is desired. D 

Definition 5.2. We shall say that Tg is a canonical form of the shift Tq, if there exists 
an extension ()5.66|) satisfying the conditions of Theorem 15.11 Herewith the graph H is said 
to be the canonical graph for Tq- 

Theorem 15.11 states the existence of the canonical form. Turn to the uniqueness. 

Theorem 5.3. Let Gi and G2 be two p-uniform stochastic graphs, which are irreducible and 
satisfy the positive recurrence condition. Suppose the shifts T^ and T^ are represented in 
the canonical form Tfj^ andT^^, respectively, and let 



(5.68) 



( I \ fT ^f' TT ^'^ 

(vrfc,Vfc) : Hk ^H 



I , A;= 1,2 



be corresponding canonical {it, ip)- extensions. 

Then the following conditions are equivalent 

(i) The shifts T^ and T^a are isomorphic, (T^ ~ ^gJ. 
(ii) The graphs Hi and H2 are isomorphic, {Hi ~ H2)- 
(iii) The extensions (7ri,'?/'i) and {71i,iIji) 
are equivalent, {{111,1^1) ~ (7r2,^2))- 

Proof. By the definition we have Tq^ ~ Tg^ , Tq^ ~ Tjj^ and 



(7ri,V^i) ~ (7r2,^2) 
Thus we need to prove only 



(5.69) 



T, 



Hi 



T; 



H2 



Hi r^ H2 



(tTi,^! 



T, 



Hi 



T 



H2 



(vr2,V'2 



Suppose Tjj^ ~ Tfj-j ci^d let ak : H^ ^ Ad , A; = 1, 2 , be the functions generating H/., where 
d = d{Tfi^) = d{Tfi^). 

Since both oi ipi : Hi ^ I and ip2 '■ H2 -^ I are of degree 1, we can apply Theorem 
14.11 and to construct a common extension H of Hi and if 2- Herewith, the corresponding 
Diagram 14.421 commutes and the homomorphisms ip : H ^ I , Xi '■ H —^ Hi and 
X2 '■ H -^ H2 are of degree 1. 
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By Remark 13.141 each of homomorphisins Xk '■ H^,^ 
extension Xk '■ Hf,^ —^ H^. with the commuting diagram 



Hk , k = 1,2 admits the trivial 



(5.70) 






k 



H-^Hk 



Here Xk is of degree 1 and bk := a^ o Xk for k = 1,2. Since d{xi) = d{X2) = 1 we have 
Tjj^ ~ Tjj^ and Tjj^ ~ Tg^ . Therefore Tg^ ~ Tg^ imphes that the skew products TH,bi and 
TH,b2 are isomorphic. 



Thus we have two GSP d-extensions tt^j. : iffej. 



H 



1,2 , 



of H and a 



homomorphism ip : H —>^ I oi degree 1. Herewith, the number d is the minimal index of 
Tnfii and TH,b2 ■ By Theorem 14.61 the functions bi and 62 are cohomologous with respect to 
H. Hence two constructed (tt, '?/')-extensions 



(5.71) 



(TTfefe,^) : Hb 



H 



1,2 



are equivalent, (vTb^,-?/') ~ {'^b2,4') ■ 

On the other hand by constructing both two diagrams 



(5.72) 



Hbk 



■^bi. 



Kk 



Hu 



Tfc 



H 



Hk 



k = 1,2 




V'fc 



commute. This means that (7ri,'?/'i) ^ (vTb^,-?/') and {712,11^2) ^ (Trfca,^')- 

The pairs {7ii,ipi) and (vr2, ^"2) are irreducible and they are majorized by equivalent 

pairs. Hence they are equivalent. 

We have shown (j5.69|) . D 

As a consequence we have also 

Theorem 5.4. Under conditions of Theorem \5.^ the shifts T^ and T^j are isomorphic iff 
the graphs Gi and G2 have a common extension of degree 1, i.e. there exists a diagram 



(5.73) 



G, 



G^^G2 



where homomorphisms 0i and 02 are of degree 1. 

Proof. By Theorem 13.251 we have two diagram of homomorphisms 



(5.74) 



Gk Gf' Hk Hk 



k = 1,2 



where (i(7r*^")) = d{'ijjk) = d{'ijjk) = 1 and vr^ is a (i-extension. So that {TCk,il>k) G Ext {I,p)- 

By Theorem 14.121 each pair {'Kk-,'4'k) , k = 1,2 majorizes an irreducible pair from 
£xt'^{I,p). If the the shifts T^ and Tq^ are isomorphic the irreducible pairs are equivalent 
(Theorem 15. 3j) and we may assume without loss of generality that they coincide with each 
other. 
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Thus there exists (TToj'i/'o) G Ext {I,p) with two commuting diagrams 
(5.75) Hu^^m A; = 1,2 



k ~ 



H. 



TTO 



^0 




^0 



Passing possibly to equivalent extensions we may also assume that Ki and R2 are trivial 
extensions of ki and K2. 

By Theorem 14.21 and Remark IH.14I we find a common extension of degree 1 



(5.76) 

of Hi and H2 with the trivial extensions 

(5.77) 



Hi -^^ H ^^ H2 



H H *- Ho 



of Xi aiid X2 such that the corresponding diagram 



(5.78) 




commutes. Therefore we have 



(5.79) 



(ji ^ G\ ' ^ Hx -^ H ^ H2 



i>2 



G 



(n) 



r{") 



Go 



Putting G := H and (pk '■= Hk ° i^k ° '?!"*•"'■' for A; = 1,2 , we obtain the desired common 
extension of degree 1 ()5.73|1 . D 



5.2. Consequences and examples. Consider some particular cases. 

Extensions of Bernoulli graphs. Let (/, p) be a standard Bernoulli graph and let d eN. 
Let a : I ^ Ad be a function a : I -^ Ad on / with the values a{i) , -i G / , in the group 
Ad of all permutations of Yd = {1,2, ... ,d} . Consider a c?-extension la generated by the 
function a (See Section IO|) . We assume that the group T{a), generated by a{i), i E I, acts 
transitively on Yd. This provides that the shift T/^ and the skew product Tj^a are ergodic. 

We want to clarify: when is /„ the canonical graph for the corresponding Markov shift 
T/^ f Definition 15. 2|) . Let vr : Jq — > / be the projection and {^T,^p) G £xt'^{I,p). Since every 
homomorphism ^ : / — ^ / is an automorphism, the pair (tt, ip) is irreducible. Therefore /„ 
is a the canonical graph iff d{TjJ = d . 

Proposition 5.5. // the function a satisfies the following condition 
(5.80) p(i)=p(i') =^ a{i) = a{i') , i,i' E I 

then d(TjJ = d . 
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Proof. Suppose the condition ()5.80|) holds. The Markov shift Tj^ is isomorphic to the skew 
product T = Tpa, which acts on Xp x Y^ by ()4.45|) . So that we have d(TjJ = d(T) and by 
Theorem ITTIl d(f) = dy,p{f) . 

A direct computation, using ()5.8()|1 . the definition of 7(T) and /?(T) and Proposition 
12 .61 shows that 

/?(f ) = 7(T,) X ey, , 7(f ) = 7(T,) X ^.y, . 

This means that any element of 7(T) consists precisely of d elements of the partition j3{T). 
By the definition of the index dy,p{T) we have d^.jsiT) = d . Thus d{TjJ = d . D 

Taking into account Theorem 14 .HI we have 

Corollary 5.6. Let TCk '■ la^ ^ ^ j k = 1,2, be two d-extensions of the Bernoulli graph 
{I,p), generated by functions ak : I ^ Ad, respectively, and suppose both the functions 
Qk , k = 1,2 satisfy the condition \5.8(\ Then the Markov shifts Tj^ andTj^ are isomorphic 
ifftti anda2 are conjugate in Ad, i-e. there exists Wq G Ad such that a2{i)-Wo = Wo-ai{i) , i G 
/ . 

Remark 5.7. It can be proved that for li-extension la, the condition 15. 8(JI is equivalent to 
d{TiJ = d . 

Absolutely non-homogeneous p. Consider the case , when p is absolutely non- homogeneous 
(see Section [2.4|) . this means that p{i) ^ p{i') for all i ^ i' from /, i.e. the Bernoulli 
graph (/, p) has no congruent edges. 

In this case for any p-uniform graph G there exists a unique homomorphism (p : G ^ 
I . Therefore Theorem 13.251 can be sharpened as follows 

Theorem 5.8. Let G be a p-uniform stochastic graph, which is irreducible and satisfies the 
positive recurrence condition. Suppose that p is absolutely non-homogeneous. Then there 
exist a unique homomorphism (j) G 7iom{G, I) and a commutative diagram 

(5.81) 




such that 

(i) The pair (vr,-?/') G Ext {I,p) is a (tc , 'ip) -extension. 
(ii) d = d{(P) = d{TG) , 

A natural question, which is arisen in connection with the previous theorem is: 

Question 5.9 (Generalized Road Coloring Problem). Does Theorem 13.251 hold with 
n = 1 in general case, when p is not necessarily absolutely non-homogeneous, i.e. when (/, p) 
has congruent edges ? 

As we know, the problem is open even in the case, when the graph G is finite (See 
|AsMaTiI] and references therein.) 

Homogeneous p and Road Problem Consider a special case, when p is homogeneous, 
i.e. p{i) = l^^ , i E I with an integer / = |/| G N. Theorem 12.141 and arguments adduced 
in Section 17!^ implv 



ON A CLASS OF ONE-SIDED MARKOV SHIFTS 37 

Theorem 5.10. Suppose p is homogeneous. Then every ergodic p-uniform Markov shift Tq 
is isomorphic to a direct product Tp x ad of the Bernoulli shift Tp and a cyclic permutation 
(Jd of Yd, where d is the period ofTc- If, in addition, Tq is exact, then it is isomorphic to 
the Bernoulli shift Tp, herewith, there exists n G N and a homomorphism cj) : G*^") ^ I of 
degree 1. 

The resuh was proved ear her in IRU3I for finite G and in [Rugl for general case. 
If G is finite and p is homogeneous Question 15.91 is a reformulation of well-known Road 
Coloring Problem (See jE], |0'Bj . [AdGoWe] . |Kij ) . As we know, the problem is still open. 

5.3. Some (p,q)-uniform graphs. We construct some simple examples to illustrate the 

case, when the ip-pait in the canonical pair (tt, ip) is not trivial. 

Let I = {0, 1} and p = {p, q) , where < p < 1 and q = 1 — p . Given n & fi 
consider the following random walk on J„ := {1, 2, . . . , ra} 

q q g 

(5.82) g(^l^ '^2tZ ^ ••• 1 Z ^n^P , 

p p p 

which is known as a Finite Drunkard Ruin. We set here: H := I x Jn , -ff'-'^^ := Jn and 

s{h) = j , t{h) = fij , ip{h) =i , h= (ij) e H , 

where the maps /« : J„/ -^ Jn , « = 0, 1 , are defined by 

fii = min (j + 1, ra) , foj = max (j -1,1) , j E Jn 

and the weights of edges p{h) , h E H are given according to ()5.82j) by p{l,j) = p , 
P(0,j) =q . 

Then the finite stochastic graph H is irreducible and p-uniform, ip G 7iom{H, I) . The 
semigroup S{ip), generated by {/o,/i}, is 1-contractive, since (/o)"(^n) = {1} ■ Whence, 
d[tp) = 1 and the Markov shift Th is isomorphic to the Bernoulli shift T^. 

Given p and n we construct a Z2-extension Ha of the graph H, where a : H ^ "£2 and 
^2 := {0, 1} be the cyclic group of order 2. 

Define a : H = I x Jn 3 h = {i,j) ^ a{h) G Z2 by 

(5.83) a{t,j) = I i ' '{ l''-^.| Z n'!l 

^ ^ ^^10,2/ («,j) ^ (1,1) . 

Then the corresponding graph Ha has the form 

q 



(5.84) "C^i" r2i ^ : ••• 1 ^ ^O' 

^. ^x p p 



z = 



for n > 2 . and 

(5.85) ''C^^-\ ''C^^^^ ^20^ 




p) )p 




for two special cases n = 1, 2 



z = 1 



z = 
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Suppose p ^ q . We claim in this case that for all n G N the graphs ()5.85p and ()5.84p 
are canonical. Indeed, d{iiH) = diT^J = 2 , since p = {p, q) is absolutely non-homogeneous. 
In order to check the irreducibility of the 2-extension {tth,'^') '■ Ha —^H^I consider the 
semigroup S = S{n,ip) and its persistent partitions 1Z{S). 

The semigroup S is generated by {/«,«€/}, where 

li U , z) = ifij,z + a{ij) (mod 2)) , (j, z) G J^ x Z2 . 

A direct computation shows that for n = 1,2 any transversal partition of J„ x Z2 is persistent 
in the sense of Definition 14.81 , and for n > 2 there exists a non-persistent transversal 
partition. Naimly, the partition, consisting of two sets of the following "alternating" form 

{(1,0), (2,1), (3,0), (4,1),...} , {(1,1), (2,0), (3,1), (4,0),...}, 

is so. Moreover, this is the only transversal partition, which is not persistent. This implies 
that for every n E N the persistent partitions 7?.(iS) separate points of J„, x Z2 in the sense 
of Remark 14. 161 and the 2-extension {'Kh-,'4') is irreducible. Thus 

• For all n G M and p ^ q the graphs Ha are canonical graphs for the corresponding 
shifts Tfj^. 

Just in the same way we can consider the following Infinite Drunkard Ruin 

q q q q 

(5.86) 9 Q 1 C ^ 2 ^ ; ••• Z. T^^C I ••• 

p p p p 

where H := I x N , i/(°) := N . 

Suppose p < q . Then the corresponding Markov chain is positively recurrent and the 
Markov shift Tfj is isomorphic to the Bernoulli shift Tp. 

Again define the functions a : H = I x N 3 h = {i, j) ^ a{h) G Z2 by (|5.83p . Then 
Z2-extension Ha of the graph H ()5.87|1 has the form 



(5.87) 'iC 11^ r2i c T ••• ^nz^^i 




p p 

p p 



It can be shown in this case that any transversal set is persistent. Thus 

• \{ p < q the graph Ha ()5.87p is the canonical graph for the shift Tg^. 

Note that the shift Tg^ is a Z2-extension of the Bernoulli shift Tp^g, therefore, Tg^ has a 
4-element one-sided generator. On the other hand the shift is not isomorphic to Markov 
shifts on finite state spaces. Thus 

• \i p < q the one-sided Markov shift Tg^ has no finite one-sided Markov generator. 
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